Rules for integrands of the form (gCos[e + fx])P (a+bSin[e+ fx])™ (c +dSin[e + fx])"

1. [Cos[e+fx]P (a+bsSin[e+fx])" (c+dSin[e+fx])"dx whenp;—lez

1: JCos[e+fx] (a+bsin[e+fx])" (c+dsin[e+fx])"dx

Derivation: Integration by substitution
Basis: cos[e + fx] F[Sin[e + fx]] == bl—fSubst[F[ﬁ], X, bSin[e +fx]] ox (bSin[e + fx])
Rule:

d
jCos[e+fx] (a+bsin[e+fx])" (c+dsin[e+fx])"dx — iSubst[J‘(a+x)m [c+ ;x]ndlx, X, bSin[e+-Fx]]

Program code:
Int[cos[e_.+f_.*x_]*(a_+b_.*sin[e_.+f_.*x_])Am_.*(c_.+d_.*sin[e_.+f_.*x_])An_.,x_Symbol] =

1/ (b+f) +Subst [Int[ (a+x)"mx (c+d/bxx)"n,x],X,bxSin[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,m,n},x]

2: |Cos[e+fx]” (dsin[e+fx])" (a+bSin[e+fx]) dx when%lez Anez A (p<@ Aa’-b*#0 VvV O<n<p-1Vp+l<-n<2p+1)

Derivation: Algebraic expansion
Rule:if 5t ez Anez A (p<@Aa*-b>#@VO<n<p-1Vp+l<-n<2ps+1),then

jCos[e+fx]p (dsin[e+fx])" (a+bsin[e+fx]) dx — aJ‘Cos[e+1’x]p (dsinfe+ fx])"dx+ EJ-Cos[erFx]p (dSin[e+fx])"+1dlx

Program code:

Int[cos[e_.+f_.xx_]"p_x(d_.*sin[e_.+f_.»x_])"n_.*(a_+b_.xsin[e_.+f_.«x_]),x_Symbol] :=
a*Int[Cos[e+fx]~p* (d+Sin[e+fxx])~n,x]| + b/dxInt[Cos[e+fxx] px (dxSin[e+fxx])~(n+1),x] /;
FreeQ[{a,b,d,e,f,n,p},x] & IntegerQ[(p-1)/2] & IntegerQ[n] && (LtQ[p,@] & NeQ[a~2-b"2,0] || LtQ[O,n,p-1] || LtQ[p+1,-n,2+p+1])



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 2

3. JCos[e+fx]p (a+bSin[e+-Fx])"I (c+dSin[e+fx])"dlx Whenp;—lez Aat-b2=0

Cos[e+fx]® (dsin[e+fx])" . .
1: J dx whenp;—ez Aa2-b>=0 Anez A (0<n<P;— Vps-n<2p-3VO<ns-p)

a+bSin[e+fx]

Derivation: Algebraic expansion

Basis: If a2 - b? == @, then Cestzl’_ _ 1 _ dsiniz]

a+bSin[z] a bd

Rule:If B+ ez A a?-b>=@AneZ A (B<n<PlVvp<-n<2p-3VeOc<ns=-p),then

Cos[e+fx]|® (dsin[e+fx])" 1 5 1 2 1
J dx — —jCos[e+fx]p' (dsin[e+fx])"dx- — [cos[e+fx]"? (dsin[e+fx])™" dx
a+bsin[e+fx] a bd

Program code:

Int[cos[e_.+f_.#x_]"p_x(d_.»sin[e_.+f_.»x_])"n_./(a_+b_.xsin[e_.+f_.»x_]),x_Symbol] :=
1/a*Int[Cos[e+fxx]~ (p-2) » (dxSin[e+fxx]) n,x] -
1/ (bxd) »Int[Cos[e+Ffxx]~ (p-2) » (dxSin[e+Ffxx] )~ (n+1),x] /;
FreeQ[{a,b,d,e,f,n,p},x] & IntegerQ[(p-1)/2] & EqQ[a"2-b"2,0] & IntegerQ[n] && (LtQ[O,n, (p+1)/2] || LeQ[p,-n] && LtQ[-n,2xp-3] || GtQ[n,e]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: Cos[e+1“x]p (a+bsin[e+fx])'" (c+dsin[e+fx])"d1x when";—lez A a’-b2=0

Derivation: Integration by substitution

Basis: If p;—l €Z A a’-b? = 9,then

-1
Cos[e+fx]P (a+bSin[e+fx])" = b:—fSubst[(a+x)m*pT (a-x)

p-1
2

» X, bsin[e+fx]] 8, (bSin[e + fx])
Rule: If 2% € z A a% - b? == @, then

1 -1 -1 d
J‘Cos[en‘:x]p (a+bsin[e+fx])" (c+dsin[e+fx])"dx — w—fSubst[J(a+x)m+PT (a—x)pT [c+;x)ndlx, X, bSin[e+fx]]

Program code:

Int[cos[e_.+f_.*x_]"p_x(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_])~n_.,x_Symbol] :=
1/ (b p+f) xSubst [Int[ (a+x)~ (m+ (p-1) /2) * (a-X) ~ ((p-1) /2) * (c+d/bxx) *n,X],X,bxSin[e+fsx]] /;
FreeQ[{a,b,e,f,c,d,m,n},x] && IntegerQ[(p-1)/2] && EqQ[a*2-b"2,0]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

4: JCos[e+fx]p (a+bSin[e+-Fx])"I (c+dSin[e+fx])"dlx Whenp;—lez A a’-b%#0

Derivation: Integration by substitution
Basis: If p;_l € Z,then cos(e + fx]P = b%f Subst [ (b? - x?) p;_l, X, bSin[e +fx]] ox (bSin[e+fx])
Rule: If p;—l €Z A a’-b? +0,then

JCos[e+-Fx]p (a+bsin[e+fx])" (c+dsin[e+fx])"dx — %Subst[‘[(a+x)"‘ (c+ gx]n (bz-xz)gdlx, X, bSin[e+-Fx]]
b

Program code:
Int[cos[e_.+f_.#x_]"p_»(a_+b_.*sin[e_.+f_.»x_])"m_.#(c_.+d_.»sin[e_.+f_.*x_])~n_.,x_Symbol] :=

1/ (b"p#f) xSubst [Int[ (a+x) “mx (C+d/bxx) ~nx (b*2-x"2) ~ ((p-1) /2) ,X] ,X,bxSin[e+f+x]] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & IntegerQ[ (p-1)/2] && NeQ[a"2-b"2,0]

2: J.(gCos[ewa])p (dsin[e+fx])" (a+bsin[e+fx]) dx

Derivation: Algebraic expansion
Rule:

J(gCos[e+fx])p (dsin[e+fx])" (a+bsin[e+fx]) dx — aJ‘(gCos[erFx])p (dsinfe+ fx])"dx+ EJ(gCos[e+fx])p (dsin[e+fx])"+1d1x

Program code:

Int[(g_.xcos[e_.+f_.xx_])"p_x(d_.+sin[e_.+f_.*x_])"n_.x(a_+b_.xsin[e_.+f_.#x_]),x_Symbol] :=
axInt[ (g+Cos[e+fxx])"p* (dxSin[e+fxx]) n,x] + b/dxInt[(g«Cos[e+Ffxx])"px (dxSin[e+fxx])~(n+1),x] /;
FreeQ[{a,b,d,e,f,g,n,p},x]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

£x])P (dsi fx])"
3: J(gCos[e+ x])" (dsin[e + £x]) dx when a? - b? == 0
a+bSin[e+fx]

Derivation: Algebraic expansion

1 _dsinfz]

Basis: If a2 - b2 == @, then —Cestzl*_ .
a+bSin[z] a bd

Rule: If a2 - b? == 9, then
(gcos[e+fx])p(dSin[e+fX])nd1x — zj(gCos[e+1=x])p'2 (dSin[e+-Fx])nd1x—%J(gCos[erFx])p'2 (dSin[e+-Fx])"*1d1x

J a+bSin[e+-Fx]

Program code:
Int[(g_.+cos[e_.+Ff_.xx_])~p_»(d_.+sin[e_.+Ff_.+x_])~n_./(a_+b_.#sin[e_.+f_.+x_]),x_Symbol] :=

g*2/axInt[ (gxCos[e+fxx])~ (p-2) » (dxSin[e+Ffxx])~n,x] -
g”2/ (bxd) xInt [ (g*COS [e+f*x] )" (p-2) * (d*Sin [e+'F*x] ) A (n+1) ,x] /3

FreeQ[{a,b,d,e,f,g,n,p},x] & EqQ[a*2-b"2,0]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

4, j(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx when bc+ad=0 A a>-b*=0

1: J(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a>-b>=0 Amez

Derivation: Algebraic simplification
Basis:If bc+ad =0 A a?2-b?=-0,then (a+bSin[z]) (c+dSin[z]) ==acCos[z]?
Rule:if bc+ad==0 A a2-b%2 =0 A me Z,then

m .m

azcm J\(gCos[eH:x])2m+p (c+dsinf[e+fx])""dx
g

J(gCos[e+fX])p (a+bsine+fx])" (c+dSin[e+Ffx])"dx —

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_»(a_+b_.*sin[e_.+f_.»x_])"m_.*(c_+d_.xsin[e_.+F_.«x_])~n_.,x_Symbol] :=
a’mxcrm/g~ (2xm) »Int[ (gxCos [e+Fxx] )~ (2+m+p) » (c+dxSin[e+Ffxx] )~ (n-m),x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x]| && EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] & IntegerQ[m] && Not[IntegerQ[n] && LtQ[n"2,m"2]]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: JCos[e+fx]p (a+bSin[e+-Fx])"I (c+dSin[e+fx])"dlx whenbc+ad==0 A a2-b2==0 A Eez

Derivation: Algebraic simplification
Basis:If bc+ad =0 A a®>-b”=0,thenCos[z]? == -~ (a+bSin[z]) (c+dSin[z])

Rule:lf bc+ad=0 A a2-b?>=0 A P e z,then

JCos[e+fx]p (a+bSin[e+-Fx])'" (c+dSin[e+-Fx])"d1x — j(a+bsin[e+fx])'"+5 (c+dSin[e+-Fx])"+;d1x

aP/2 cp/2

Program code:

Int[cos[e_.+f_.xx_]~p_x(a_+b_.+sin[e_.+f_.xx_])"m_.*(c_+d_.»sin[e_.+f_.+x_])~n_.,x_Symbol] :=
1/(a*(p/2) *c”(p/2) ) »Int[ (a+b#Sin[e+fxx] )~ (m+p/2) * (c+d«Sin[e+fxx] )~ (n+p/2),x]| /;
FreeQ[{a,b,c,d,e,f,n,p},x| & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && IntegerQ[p/2]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

Cos[e + fx])P
(g [ ’ X]) dx whenbc+ad=0 A a2-b%2==0

'\/a+bSin[e+-Fx] \/c+dSin[e+fx]

Derivation: Piecewise constant extraction

Basis:If bc +ad =0 A a?-b? == 9, then o, Los [ecfx] .-
vJa+bSin[e+fx] +/c+dSin[e+f x]

Rule:lf bc +ad =0 A a%-b? == 9, then

(gCosfe+ x])® dx —s oo~ #x) J(gcos[e+fX])p_1dlx

\/a+bSin[e++'x] '\/c+dSin[e+'Fx] \/a+bSin[e+fx] \/c+dsin[e++‘x]

Program code:
Int[(g_.#cos[e_.+f_.xx_])~p_/(Sart[a_+b_.xsin[e_.+f_.»x_]]*Sqrt[c_+d_.xsin[e_.+f_.+x_]]),x_Symbol] :=

gxCos[e+fxx]/(Sart[a+bsSin[e+fxx] ] +Sqrt[c+d«Sin[e+Ffxx]])+Int[ (g+Cos [e+fxx]) " (p-1),X] /;
FreeQ[{a,b,c,d,e,f,g,p},x] && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0]

4. J(gCos[e+Fx])’J (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a>-b*=0 A m+’;-+iez+
1. J(gCos[e+fx])" (a+bsin[e+fx])" (c+dsSin[e+fx])"dx whenbc+ad=0 A a?-b?=0 Am+2-2=0

1: J-(gCos[e+-Fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a*>-b>=0 A 2m+p-1=0 Am-n-1==0

Derivation: Piecewise constant extraction

Basis:If bc +ad =0 A a - b? == 9, then 9, (2+bsinlexfx])? (cxdSinfefx N7 . g
(g Cos[e+fx])="

Rule:if bc+ad=0 Aa?2-b2=0 A2m+p-1==0 Am-n-1=0,then

j(gCos[ewa])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

aintpartn] cIntPartinl (3 4 b Sin [e +F x] ) FracPart [m] (c+dsin [e +F x] ) FracPart [m] (g Cos [e +F x] ) 2m+p

dx
gz IntPart[m] (g Cos [e + f x] ) 2 FracPart[m] c +dSin [e +f x]

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_x(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.»x_])~n_,x_Symbol]| :=
a~IntPart[m] «c~IntPart[m] (a+bsSin[e+fxx])~FracPart[m] (c+d+Sin[e+f«x])~FracPart[m]/
(g~ (2+IntPart[m]) » (gxCos [e+fxx] )~ (2«FracPart[m]) ) Int [ (gxCos [e+fxx])~ (2+m+p) /(c+d«Sin [e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & EqQ[bxc+axd,0] && EqQ[a~2-b"2,0] & EqQ[2#m+p-1,0] & EqQ[m-n-1,0]

2: J(gCos[erFx])p (a+bSin[e+-Fx])'" (c+dSin[e+-Fx])"d1x whenbc+ad=0 A a2-b?==0 A 2m+p-1==0 Am-n-1+#0

Derivation: Doubly degenerate sine recurrence 1a

Rule:if bc+ad=0 A a?2-b2=0 A2m+p-1==0 Am-n-1+0,then

m-1

b (gCos[e+-Fx])p+1 (a+bsin[e+fx])"" (c+dsin[e+fx])"

J(gCos[erFx])p (a+bSin[e+-Fx])"I (c+dSin[e+fx])”d1x — fgm-n-1)

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_»(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol]| :=
bx (g*Cos [e+'F*x] )" (p+1) = (a+b*Sin [e+f*x] ) A(m-1) » (c+d*Sin [e+'F*x] )"n/(f*g* (m-n-1) ) /3
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] & EqQ[2#m+p-1,8] & NeQ[m-n-1,0]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2. J(gCos[e+fx])p (a+bsin[e+fx])" (c+dSin[e+fx])"dx whenbc+ad=0 A a>-b>=0 A m+§—§ez+

1: J(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A az—b2==0Am+§-—%eZ" An<-1

Derivation: Doubly degenerate sine recurrence 1a

Rule:lfbc+ad::@/\a2—b2::OAm+§——%eZ* A n < -1, then

J.(gCos[ewa])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

2b (gCos[e+1:x])p+1 (a+bSin[e+-Fx])""1 (c+dsin[e+fx])"

fg(2n+p+1)
b((2m+p-1)

e ZnepeD) j(gCos[e+fx])p (a+bSin[e+1=x])""1 (c+dSin[e+fx])"+1dlx

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
-2xb=* (g*Cos [e+'F*X] )" (p+1) * (a+b*S:i.n [e+'F*X] ) A(m-1) » (C+d*Sin [e+'F*X] )"n/ ('F*g* (2xn+p+1) ) -
bx (2xm+p-1) / (d* (2xn+p+1) ) xInt [ (g*Cos [e+f*x] ) Apx (a+b*Sin [e+f*x] ) A(m-1) » (c+d*Sin [e+'F*X] )" (n+1) ,x] /3
FreeQ[{a,b,c,d,e,f,g,p},x| & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && IGtQ[Simplify[m+p/2-1/2],0] && LtQ[n,-1] &&
NeQ[2#n+p+1,0] & Not[ILtQ[Simplify[m+n+p],8] & GtQ[Simplify[2+m+n+3xp/2+1],0]]

2: J-(gCos[eﬂCx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A az—b2==0/\m+‘21—§ez+/\ nt¢-1

Derivation: Doubly degenerate sine recurrence 1b

Rule:lfbc+ad::9/\az—bzzze/\m+§—%ez*/\nst—l,then

J(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

_b (gCos[e+fx])""1 (a+bsin[e+1°x])""1 (c+dsinfe+fx])"

+

fg (m+n+p)

10



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

TERIPED [(gcos[er x])° (axbsin[er £x])"* (o dsin[es £x])" ax
m+n+p

Program code:
Int[(g_.+cos[e_.+Ff_.xx_]) p_*(a_+b_.*sin[e_.+Ff_.»x_]) m_« (c_+d_.xsin[e_.+f_.»x_])~n_,x_Symbol] :=
—b*(g*Cos[e+f*x])A(p+1)*(a+b*Sin[e+f*x])A(m—l)*(c+d*Sin[e+f*x])An/(f*g*(m+n+p)) +
a% (2#m+p-1) / (m+n+p) »Int[ (gxCos [e+Ffxx]| ) px (a+bxSin[e+Ffxx] ) (m-1) » (c+dxSin[e+Fxx]) n,x] /;

FreeQ[{a,b,c,d,e,f,g,n,p},x| && EqQ[bxc+a+d,0] & EqQ[a~2-b"2,0] && IGtQ[Simplify[m+p/2-1/2],0] && Not[LtQ[n,-1]] &&
Not [IGtQ[Simplify[n+p/2-1/2],0] && GtQ[m-n,@]] && Not[ILtQ[Simplify[m+n+p],0] && GtQ[Simplify[2«m+n+3xp/2+1],0]]

5. j(gCos[ewa])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a’-b>==@ Am+n+pez”
1. J(gCos[erFx])p(a+bSin[e+-Fx])"'(c+dSin[e+fx])”d1x whenbc+ad=0 A a2-b2=0 Am+n+p+1==0

1: J(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a’?-b?=@ Am+n+p+1=0 Am-n=0

Derivation: Piecewise constant extraction

Basis:If bc +ad =0 A a?-b? == 0, then 5, (2*b5inlesfx1)7 (crdSinferf x])7 __ g
(g Cos[e+fx])="

Rule:lf bc+ad=0 A a?2-b2=0 A 2m+p+1-=0,then
J.(gCos[e+fx])p(a+bSin[e+-Fx])"'(c+dSin[e+-Fx])'"dlx —

gIntPartm] cIntPart[m] (a +bSin [e +F x] ) Fracart [m] (c +dSin [e +F x] ) Fracart [m]

gz IntPart[m] (g Cos [e + f X] ) 2 FracPart[m]

J(gCos[e+fx])2"”p dx

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_x(a_+b_.xsin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.»x_])"m_,x_Symbol] :=
a*IntPart[m] «cAIntPart[m] (a+bsSin[e+fxx])~FracPart[m] (c+d+Sin[e+fxx])~FracPart[m]/
(g~ (2+IntPart[m]) » (g+Cos [e+fxx] )~ (2xFracPart[m]) ) +Int[ (gxCos [e+fxx])~ (2+m+p),x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && EqQ[bxc+axd,0] & EqQ[a~2-b"2,0] && EqQ[2+m+p+1,0]

11



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J-(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a’-b>==@ Am+n+p+1=0 Am-n#0

Derivation: Doubly degenerate sine recurrence 1cwithn - -m-p -1

Rule:lf bc+ad=0 A a?-b2=0 Am+n+p+1=0 A m-n #0,then

b (gCos[e+1=x])'"+1 (a+bsin[e+fx])" (c+dsin[e+fx])"

C +f P + b Si +f m +dSi +f "Tdx —
j(g os[e+fx])’ (a infe+fx])" (c infe+ fx])"dx P

Program code:

Int[(g_.»cos[e_.+f_.xx_])~p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])"n_,x_Symbol] :=
bx (gxCos [e+Ffxx] )~ (p+1) » (a+bxSin[e+Ffxx]) *mx (c+dxSin[e+Ffxx]) "n/(a*f*g* (m-n)) /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x| && EqQ[bxc+axd,0] && EqQ[a~2-b"2,0] & EqQ[m+n+p+1,0] & NeQ[m,n]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J-(gCos[erFx])p(a+bSin[e+-Fx])"'(c+dSin[e+fx])"dlx whenbc+ad=0 A a2-b2=0@ Am+n+p+1€Z A2m+p+1+0

Derivation: Doubly degenerate sine recurrence 1c
Rule:lf bc+ad=0 A a?-b2=@ Am+n+p+1eczZ A2m+p+1+0,then

J(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

b(gCos[em‘x])p+1 (a+bsin[e+fx])" (c+dsin[e+fx])" men+p+1
afg(2m+p+1) +a(2m+p+1)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
bx (g*Cos [e+'F*x] )" (p+1) = (a+b*Sin [e+f*x] ) Amx (c+d*S:i.n [e+f*x] ) "n/(a*f*g* (2xm+p+1) ) +
(m+n+p+1) / (ax (2xm+p+1) ) xInt[ (gxCos[e+Ffxx]) "px (a+bxSin[e+Ffxx])~ (m+1) » (c+dxSin[e+Ffxx]) n,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| & EqQ[bxc+axd,0] && EqQ[a"2-b"2,0] & ILtQ[Simplify[m+n+p+1],0] & NeQ[2+m+p+1,0] &
(SumsimplerQ[m,1] || Not[SumSimplerQ[n,1]])

6. J(gCos[e+fX])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a-b>==0 A (2m|2n|2p)€eZ
1. J(gCos[erFx])" (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a>-b>=0 Am>0

1: J-(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a*-b>==0 AM>0 AN<-1A2n+p+1#80

Derivation: Doubly degenerate sine recurrence la

Rule:lf bc+ad=0 A a?-b2==0 Am>0 An<-1A2n+p+1%80,then

J(gcos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

2b (gCos[en‘:x])"*1 (a+bSin[e+fx])'"'1 (c+dsin[e+fx])"

fg(2n+p+1)

J‘(gCos[erFx])" (a+bSin[e+-Fx])rI1+1 (c+dsinfe+fx])"dx
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

b((2m+p-1)

e ZnepeD) f(gCos[e+fx])P (a+bSin[e+1:x])""1 (c+dSin[e+-Fx])"+1dlx

Program code:

Int[(g_.+cos[e_.+Ff_.xx_]) p_*(a_+b_.*sin[e_.+Ff_.»x_]) m_« (c_+d_.xsin[e_.+f_.»x_])~n_,x_Symbol] :=
—2*b*(g*Cos[e+f*x])A(p+1)*(a+b*Sin[e+f*x])A(m—1)*(c+d*Sin[e+f*x])An/(f*g*(z*n+p+1)) -
bx (2xm+p-1) / (d* (2#n+p+1) ) +Int [ (g+Cos[e+fxx])~p* (a+bxSin[e+fxx] )" (m-1)  (c+d«Sin[e+fxx] )" (n+1),x]| /;

FreeQ[{a,b,c,d,e,f,g,p},x| & EqQ[bxc+axd,0] & EqQ[a"2-b"2,0] && GtQ[m,0] & LtQ[n,-1] && NeQ[2xn+p+1,0] && IntegersQ[2xm,2xn,2xp]

2: J(gCos[erFx])p (a+bSin[e+-Fx])"‘ (c+dSin[e+-Fx])"d1x whenbc+ad=0 A a2-b2==0 AmM>0 Am+n+p#0

Derivation: Doubly degenerate sine recurrence 1b
Rule:lf bc+ad=0 A a’-b2=0 Am>0 Am+n+p #0,then

J(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

b (gCos[e+-Fx])p+1 (a+bSin[e+-Fx])'"'1 (c+dSin[e+1:x])n a@2m+p-1)
- +

P — R J(gCos[e+fX])p(a+bSin[e+fx])'"’1(c+dSin[e+-Fx])"d1x

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.»x_])~n_,x_Symbol]| :=
—b*(g*Cos[e+f*x])A(p+1)*(a+b*Sin[e+f*x])A(m-l)*(c+d*Sin[e+f*x])An/(f*g*(m+n+p)) +
ax (2xm+p-1) / (m+n+p) xInt[ (g+Cos [e+Ffxx]) ~p* (a+bxSin[e+Ffxx] )~ (m-1)  (c+dxSin[e+Ffxx]) n,x] /;

FreeQ[{a,b,c,d,e,f,g,n,p},x| && EqQ[bxc+axd,0] & EqQ[a~2-b"2,0] & GtQ[m,0] && NeQ[m+n+p,0] && Not[LtQ[@,n,m]] 8&& IntegersQ[2xm,2+n,2+p]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J(gCos[erFx])p(a+bSin[e+-Fx])"'(c+dSin[e+fx])"d1x whenbc+ad=0 A a2-b?>==0 Am<-1A2m+p+1#0

Derivation: Doubly degenerate sine recurrence 1c
Rule:lf bc+ad=0 A a?-b2==0 Am<-1A2m+p+1+0,then

J(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

b(gCos[e+1°x])p+1 (a+bsin[e+fx])" (c+dsin[e+fx])" m+n+p+1
afg(2m+p+1) +a(2m+p+1)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
bx (g*Cos [e+‘F*x] )" (p+1) = (a+b*Sin [e+f*x] ) Amx (c+d*S:i.n [e+f*x] ) "n/(a*f*g* (2xm+p+1) ) +
(men+p+l) / (ax (2%m+p+1) ) »Int[ (gxCos [e+Fxx] ) px (a+bxSin[e+Ffxx])~ (m+1) « (c+dxSin[e+fxx])~n,x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x| && EqQ[bxc+a+d,0] & EqQ[a~2-b"2,0] & LtQ[m,-1] && NeQ[2sm+p+1,0] && Not[LtQ[m,n,-1]] &&
IntegersQ[2xm,2xn,2xp]

J‘(gCos[ewa])" (a+bSin[e+-Fx])rI1+1 (c+dsinfe+fx])"dx
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

7 J(gCos[e+fX])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whenbc+ad=0 A a’-b>=0 AMEZ AN¢Z

Derivation: Piecewise constant extraction
[e+fXx])™ (c+dSin[e+f x])" -9

Basis:If bc +ad =0 A a2 - b? == 9, then 9, {3+bsin :
(g Cos[e+f x])="

Rule:lif bc+ad==0 A a?2-b2=0 Am¢Z A n ¢z, then
j(gCos[e+fx])p(a+bSin[e+fx])'"(c+dSin[e+fx])"d1x -

alntpartin] cIntPart(nl (5, bsin[e + £ x]) M (c 4 dsin[e + £ x])FracPartin

g2 Intpart [m] (g Cos [e + f x] ) 2 FracPart[m]

Program code:
Int[(g_.#cos[e_.+Ff_.xx_]) p_*(a_+b_.xsin[e_.+f_.»x_]) m_#(c_+d_.xsin[e_.+f_.»x_])~n_,x_Symbol] :=
arIntPart[m] «c~IntPart[m] (a+bxSin[e+fxx])~FracPart[m] (c+d+Sin[e+fxx])~FracPart[m]/

(8" (2%IntPart[m]) « (g+Cos [e+fxx] )~ (2xFracPart[m]) )«

Int[ (g*Cos[e+fxx] )~ (2+m+p) » (c+dxSin[e+Ffxx])~ (n-m),x]| /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x| && EqQ[bxc+axd,0] 8& EqQ[a~2-b"2,0] & (FractionQ[m] || Not[FractionQ[n]])

5. j(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx

1. j(gCos[ewa])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena?-b?==0

1: J.(gCos[erFx])ID (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena?-b?>=0 A adm+bc (m+p+1) =

Derivation: Singly degenerate sine recurrence 2c withc -1, d -0, n > 0
Note:If a2 -b? =0 A adm+bc (m+p+1) =0,thenm+p +1 0.

~ Rule:lff a2-b2-==0 A adm+bc (m+p+1) = 0,then

(gCos[e+-Fx])2'""p (c+dsin[e+fx])""dx
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

d (gCos[e+-Fx])'°+1 (a+bsin[e+fx])"

J(gcos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])dx — - femeiped)

Program code:
Int[(g_.xcos[e_.+f_.xx_])"p_»(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.»sin[e_.+f_.»x_]),x_Symbol] :=

-d+ (gxCos [e+fxx] )~ (p+1) # (a+bxSin[e+fxx])Am/ (fxgx (m+p+1)) /;
FreeQ[{a,b,c,d,e,f,g,m,p},x] && EqQ[a~2-b"2,0] & EqQ[a*d*m+bxcx (m+p+1),0]

2: J-(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena?-b*>=0 Am>-1 A p<-1

Derivation: Singly degenerate sine recurrence 4awithc -1, d > ©
Rule:If a2 -b%2==0 A m>-1 A p< -1,then

J(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —

(bc+ad) (gCos[e+-Fx])ID+1 (a+bsin[e+fx])" b (adm+bc (m+p+1))
- +
afg (p+1) ag’(p+1)

Program code:

Int[(g_.xcos[e_.+f_.»x_])~p_x(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_]),x_Symbol] :=
- (bxc+axd) * (g*Cos [e+'F*x] ) A(p+1) = (a+b*S:i.n [e+'F*X] ) "m/(a*f*g* (p+1) ) +
bx (axdxm+bxcx (m+p+1) ) / (axg 2% (p+1) ) *Int [ (g*Cos [e+f*x] ) A(p+2) * (a+b*Sin [e+‘F*x] )" (m-1) ,x] 78
FreeQ[{a,b,c,d,e,f,g},x] & EqQ[a"2-b"2,0] && GtQ[m,-1] && LtQ[p,-1]

3: j(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena?-b?==0 A 2—""'z‘ﬁez"A m+p+14#0

Derivation: Singly degenerate sine recurrence 2c withc -1, d -0, n > 0

Rule:If a® -b? == @ A 2™k c 7 A m+p+1 #0,then

J(gCOS[E+‘Fx])P+2 (a+bsin[e+fx])""dx
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

j(gCos[ewa])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —

d (gCos[e+1=x])p+1 (a+bsin[e+fx])" adms+bc (m+p+1)
- +

fg(m+p+1) b(m+p+1)

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_»(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_]),x_Symbol] :=
—d*(g*Cos[e+f*x])A(p+1)*(a+b*sin[e+f*x])Am/(f*g*(m+p+1)) +
(axdxm+bxCx (M+p+1) ) / (bx (m+p+1) ) *Int[ (gxCos [e+fxx] ) px (a+bxSin[e+Ffxx]) m,x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && EqQ[a~2-b"2,0] & IGtQ[Simplify[ (2+m+p+1)/2],0] & NeQ[m+p+1,0]

4, Cos[e+-Fx]z (a+bSin[e+-Fx])'" (c+dSin[e+-Fx]) dx whena?-b%?==0 A m<©

1: Cos[e+-Fx]2 (a+bSin[e+fx])'" (c+dSin[e+fx]) dx whena?-b%:=20 A m<—%

Rule: If a> - b* == @ A m< -2, then
JCos[e+fx]2(a+bSin[e+-Fx])'"(c+dSin[e+-Fx])d1x -

m+1

2 (bc-ad)Cos[e+fx]| (a+bSin[e+fx]) 1

+ J(a+bsin[e+fx])m+2 (bc+2ad (m+1) -bd (2m+3) Sin[e+ fx]) dx

b2f (2m+3) b3 (2m+ 3)

Program code:

Int[cos[e_.+f_.xx_]~2« (a_+b_.+sin[e_.+f_.xx_] ) m_«(c_.+d_.xsin[e_.+f_.»x_]),x_Symbol] :=

2% (bxc-axd) xCos [e+f*x] * (a+b*S:i.n [e+f*x] ) & (m+1)/(b"2*‘F* (2%m+3) ) +

1/ (b”3% (2xm+3) ) *Int [ (a+b*Sin [e+'F*x] ) A(m+2) % (b*c+2*a*d* (m+1) -bxd* (2xm+3) *Sin [e+'F*x] ) ,x] 78
FreeQ[{a,b,c,d,e,f},x] && EqQ[a"2-b"2,0] && LtQ[m,-3/2]

J(gCos[erFx])p (a+bsin[e+fx])"dx

18



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: Cos[e+-Fx]2 (a+bSin[e+fx])"' (c+dSin[e+-Fx]) dx whena?-b2==0 A —%sm<0

Rule:If a2 -b%2 =0 A —% <m < 0, then

jCos[e+fx]2 (a+bsin[e+fx])" (c+dsin[e+fx]) dx —

dCos[e+-Fx] (a+bSin[e+1:x])rn+2 1

- J(a+bsin[e+fx])m*1 (bd (m+2) —ac (m+3) + (bc (m+3) -ad (m+4)) Sin[e+fx]) dx
b2 f (m+ 3) b2 (m+ 3)

Program code:

Int[cos[e_.+f_.*x_]"2%(a_+b_.+sin[e_.+f_.xx_] ) m_#(c_.+d_.xsin[e_.+f_.»x_]),x_Symbol] :=

dxCos [e+fxx]  (a+bsSin[e+Ffxx] )~ (m+2) / (b 2xFx (m+3)) -

1/ (b2 (m+3) ) +Int[ (a+bxSin[e+fxx])~ (m+1)  (bxdx (M+2) ~axCx (M+3) + (bxCx (M+3) —axdx (m+4) ) #Sin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[a~2-b"2,0] && GeQ[m,-3/2] && LtQ[m,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

5: J-(gCos[erFx])p(a+bSin[e+-Fx])"'(c+dSin[e+fx])dlx whena?-b2=0 A (M<-1Vm+peZ) A2m+p+1#0

Derivation: Singly degenerate sine recurrence 2awithc -1, d > 0
Derivation: Singly degenerate sine recurrence 2b withc -1, d > @
Rule:lf a2-b2=0 A (M<-1Vvm+pezZ) A2m+p+1<0,then

J(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —

b _ d C f p+1 b Si £ m
(be-s )(g os[e+ x]) (a+ 1n[e+ X]) +adm+bc(m+p+1) f(gCoS[e+fX])p(a+bSin[e+fX])m+1dlx
afg(2m+p+1) ab(2m+p+1)

Program code:

Int[(g_.xcos[e_.+f_.»x_])"p_x(a_+b_.*sin[e_.+f_.xx_])"m_x(c_.+d_.xsin[e_.+f_.#x_]),x_Symbol] :=
(bxc-axd) * (g*COS [e+-F*x] )" (p+1) * (a+b*sin [e+-F*x] ) "m/(a*-F*g* (2xm+p+1) ) +
(axdxm+bxcx (m+p+1) ) / (axbx (2xm+p+1) ) *Int [ (g*Cos [e+f*x] )"p* (a+b*Sin [e+f*x] )" (m+1) ,x] /3
FreeQ[{a,b,c,d,e,f,g,m,p},x| && EqQ[a~2-b"2,0] & (LtQ[m,-1] || ILtQ[Simplify[m+p],0]) && NeQ[2sm+p+1,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

6: J-(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena?-b*>=@0 Am+p+1#0

Derivation: Singly degenerate sine recurrence 2c withc -1, d -0, n > 0
Rule:If a2 -b%2==0 A m+p+1+0,then

J(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —

d (gCos[e+fx])™* (a+bsin[e+fx])" adms+bc (m+p+1)
- +
fg(m+p+1) b(m+p+1)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.+sin[e_.+f_.»x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_]),x_Symbol] :=
-d* (g*Cos [e+f*x] ) A(p+1) * (a+b*Sin [e+f*x] )"m/(f*g* (m+p+1) ) +
(a*d#m+bxcx (M+p+1)) / (bx (m+p+1) ) »Int[ (gxCos[e+Fxx] ) px (a+bxSin[e+Ffxx]) m,x] /;
FreeQ[{a,b,c,d,e,f,g,m,p},x| && EqQ[a~2-b"2,0] && NeQ[m+p+1,0]

2. j(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena?-b*>#@
1. J(gCos[erFx])P (a+bsin[e+fx])" (c+dsin[e+fx]) dx when a?-b*#0 A m>0

1: J(gCos[erFx])p (a+bSin[e+-Fx])"‘ (c+dSin[e+fx])dx whena®?-b?>#@ Am>0 A p<-1

Derivation: Nondegenerate sine recurrence 3awithc -1, d -0, C >0

Rule:If a2-b2+0@ A m>0 A p< -1,then

J(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])dx —

_(gCos[e+-Fx])"*1 (a+bsinf[e+fx])" (d+csin[e+fx]) .

fg(p+1)

J-(gCos[erFx])p (a+bsin[e+fx])"dx
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

1

mJ\(gCos[erFx])ID+2 (a+bSin[e+1‘x])""1 (ac(p+2) +bdm+bc (m+p+2) Sin[e+fx]) dx

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_]),x_Symbol] :=

- (g*Cos [e+f*x] )" (p+1) * (a+b*Sin [e+'F*x] ) Amx (d+c*Sin [e+'F*x] )/(f*g* (p+1) ) +

1/ (g"2% (p+1)) *Int [ (g*Cos [e+f*x] ) A (p+2) = (a+b*Sin [e+f*x] ) A(m-1) *Simp [a*c* (p+2) +bxd*m+bxc* (m+p+2) *Sin [e+'F*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[a"2-b"2,0] && GtQ[m,0] & LtQ[p,-1] && IntegerQ[2m] &&

Not[EqQ[m,1] && NeQ[c"2-d"2,0] && SimplerQ[c+d+X,a+bxx]]

2: J(gCos[e+fX])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena’-b?>#0 Am>0 A p¢-1

Derivation: Nondegenerate sine recurrence 1b withc -9, d -1, A-0, B> A, C>B, n—> -1

Rule:If a2 -b2+0@ Am>0 A p ¢« -1,then

J-(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —

_d (gCos|:e+1=x])'°+1 (a+bsin[e+fx])"

+

fg(m+p+1)

1 J(gCos[e+fx])p (a+bSin[e+-Fx])""1 (ac(m+p+1) +bdm+ (adm+bc (m+p+1)) Sin[e+fx]) dx
m+p+

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_]),x_Symbol] :=

-d* (g*Cos [e+f*x] ) A(p+1) * (a+b*Sin [e+'F*x] )"m/(f*g* (m+p+1) ) +

1/ (m+p+1) »Int [ (gxCos [e+fxx]) "px (a+b*Sin[e+fxx] )" (m-1) xSimp [axcx (M+p+1) +bxd+m+ (axd*m+bxcx (mep+1) ) xSin[e+fxx],x]|,x] /;
FreeQ[{a,b,c,d,e,f,g,p},x] & NeQ[a*2-b"2,0] && GtQ[m,0] & Not[LtQ[p,-1]] & IntegerQ[2+m] &&

Not[EqQ[m,1] && NeQ[c"2-d"2,0] && SimplerQ[c+d+X,a+bxx]]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 23

2. J-(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena?-b*#0 A m<-1

1: J(gCos[erFx])p (a+bsin[e+fx])'" (c+dSin[e+-Fx])dlx whena?-b2#0 Am<-1 Ap>1Am+p+1#£0

Derivation: Nondegenerate sine recurrence 2a withc -9, d »1, A-0, B>A, C>B, n—> -1

Rule:lf a2-b2+#@ Am<-1Ap>1Am+p+1z0,then

J(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —
((e (gCos[e+1=x])'°'1 (a+bSin[e+1:x])'"+1 (bc(m+p+1) -adp+bd (m+1)Sin[e+fx]))/(b*Ff (m+1) (m+p+1))) +
g’ (p-1)
b2 (m+1) (m+p+1)

J-(gCos[ewa])'“'2 (a+bSin[e+-Fx])"l+1 (bd(m+1) + (bc (m+p+1) -adp) Sinf[e+Fx]) dx

Program code:
Int[(g_.xcos[e_.+f_.xx_])"p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_.+d_.xsin[e_.+f_.#«x_]),x_Symbol] :=
g*(g*Cos[e+f*x])A(p—l)*(a+b*Sin[e+f*x])A(m+1)*(b*c*(m+p+1)—a*d*p+b*d*(m+1)*Sin[e+f*x])/(bAZ*f*(m+1)*(m+p+1)) +
g2+ (p-1) / (b 2% (m+1) % (M+p+1) ) »

Int [ (g*Cos [e+f*x] )" (p-2) * (a+b*Sin [e+f*x] ) A (m+1) *Simp [b*d* (m+1) + (bxC* (m+p+1) —axdxp) *Sin [e+f*x] ,x] ,x] /3
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[a"2-b"2,0] && LtQ[m,-1] & GtQ[p,1] && NeQ[m+p+1,0] && IntegerQ[2xm]

2: J(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena?-b’>#@ A m<-1

Derivation: Nondegenerate sine recurrence lawithc -1, d -0, C >0
Derivation: Nondegenerate sine recurrence 1cwithc -1, d >0, C > 0

Rule:If a2 -b%? +0 A m< -1, then

J(gCos[ewa])p (a+bsin[e+fx])" (c+dsin[e+fx]) ax —



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

(bc-ad) (gCos[e+-Fx])'{J+1 (a+bSin[e+1:x])"'+1

+

fg(a®-b%) (m+1)

m[(gCos[ewa])p (a+bS:’Ln[e+-Fx])m+1 ((ac-bd) (m+1) - (bc-ad) (m+p+2)Sin[e+fx]) dx

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_»(a_+b_.*sin[e_.+f_.»x_])"m_x(c_.+d_.xsin[e_.+f_.#x_]),x_Symbol] :=
—(b*c—a*d)*(g*Cos[e+f*x])A(p+1)*(a+b*Sin[e+f*x])A(m+1)/(f*g*(aA2—bA2)*(m+1)) +
1/ ((a"2-b"2) # (m+1) ) xInt [ (gxCos [e+fxx])"px (a+b*Sin[e+fxx] )~ (m+1) xSimp [ (a*c-bxd) » (M+1) - (bxc-axd) x (m+p+2) xSin[e+fxx],x],x] /;
FreeQ[{a,b,c,d,e,f,g,p},x] & NeQ[a*2-b"2,0] && LtQ[m,-1] && IntegerQ[2xm]

3: J(gCos[erFx])"(a+bSin[e+-Fx])"'(c+dSin[e+-Fx])d1x whena?-b2#0 Ap>1 AmM+p#@ Am+p+1#0

Derivation: Nondegenerate sine recurrence 2b withc -9, d -1, A-0, B>A, C>B, n—> -1

Rule:if a2 -b2+@ Ap>1Am+p+0 Am+p+1¢+0,then

J‘(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —

((e (gCos[e+1:x])'°'1 (a+bSin[e+-Fx])"I+1 (bc(m+p+1) -adp+bd (m+p)Sin[e+Fx]))/(b*Ff (m+p) (m+p+1))) +
g’ (p-1)
b2 (m+p) (m+p+1)

J(gCos[en“x])p'2 (a+bsin[e+fx])" (b (adm+bc (m+p+1)) + (abc (m+p+1) -d (a®p-b> (m+p))) Sin[e+ fx]) dx

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.»sin[e_.+f_.»x_]),x_Symbol] :=
g*(g*Cos[e+f*x])A(p-l)*(a+b*Sin[e+f*x])A(m+1)*(b*c*(m+p+1)-a*d*p+b*d*(m+p)*Sin[e+f*x])/(bAZ*f*(m+p)*(m+p+1)) +
g72% (p-1) / (b"2% (m+p) * (Mm+p+1) ) *
Int [ (gxCos[e+fxx] )~ (p-2)  (a+bxSin[e+Ffxx]) "mxSimp [bx (axdxm+bxCx (M+p+1)) + (axbxCx (M+p+1) -d* (a*2xp-b"2# (m+p) ) ) #Sin[e+Fxx],x],x] /;
FreeQ[{a,b,c,d,e,f,g,m},x| & NeQ[a*2-b"2,0] && GtQ[p,1] && NeQ[m+p,0] && NeQ[m+p+1,0] && IntegerQ[2xm]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

4: J(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx whena’-b*>#@ A p<-1

Derivation: Nondegenerate sine recurrence 3b withc -1, d -9, C-> 0

Rule: If a2 -b%? + @ A p < -1, then

J-(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —
(gCos[e+-Fx])p+1 (a+bSin[e+-Fx])'n+1 (bc-ad- (ac-bd) sin[e+fx])
fg(a’-b%) (p+1)

+

1
g? (a®-b%) (p+1)

J\(gCos[eH‘x])"*2 (a+bsin[e+fx])" (c (a® (p+2) -b* (m+p+2)) +abdm+b (ac-bd) (m+p+3) Sin[e+fx]) dx

Program code:

Int[(g_.#cos[e_.+Ff_.xx_]) p_*(a_+b_.xsin[e_.+f_.»x_]) m_.x(c_.+d_.#sin[e_.+Ff_.xx_]),x_Symbol] :=
(g*Cos [e+f*x] ) A(p+1) * (a+b*Sin [e+f*x] )" (m+1) % (b*c—a*d— (axc-bxd) *Sin [e+'F*x] )/('F*g* (a”2-b”2) x (p+1) ) +
1/ (g~2% (a2-b"2) » (p+1) ) *
Int [ (g*COS [e+-F*x] ) A (p+2) * (a+b*Sin [e+f*x] )"m*simp [C* (a”2% (p+2) -b"2% (m+p+2) ) +axbxd*xm+bx (axc-bxd) * (m+p+3) *Sin [e+f*x] ,X] ,X] /5
FreeQ[{a,b,c,d,e,f,g,m},x]| & NeQ[a*2-b"2,0] && LtQ[p,-1] && IntegerQ[2xm]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

dx whena?-b%#0

_ (gCos[e+fx])? (c+dsin[e+fx])
> J a+bsin[e+fx]

Derivation: Algebraic expansion

‘ee C+dz __ d bc-ad
Basis: o, T bt b (arbz)

Rule: If a2 - b% # 0, then

J«(gCos[e+-Fx])p(c+dSin[e+-Fx]) ax

bc-ad (gCos[e+-Fx])p
+
a+bSin[e+fx] J

d
dx — —J(gCos[e+fx])pdx
b b a+bsin[e+ fx]

Program code:

Int[(g_.»cos[e_.+f_.«x_]) p_*(c_.+d_.#sin[e_.+f_.+x_])/(a_+b_.»sin[e_.+f_.»x_]),x_Symbol] :=
d/bxInt[ (gxCos[e+fxx])p,x] + (bxc-axd)/bsInt[(g+Cos[e+fxx])~p/(a+bsSin[e+fsx]),x] /;
FreeQ[{a,b,c,d,e,f,g},x] & NeQ[a"2-b"2,0]

6: J(gCos[e+fx])" (a+bSin[e+Fx])m (c+dsin[e+fx]) dx when a>-b?>#0 A c*-d*==0

Derivation: Piecewise constant extraction and integration by substitution

. -1
Basis: Ox (gCosle fx ;7 =0
(1+Sin[e+fx]) 2 (1-Sinf[e+fx]) 2

Basis: Cos [e + f x] == % OxSinfe + f x]

Rule: If a2 - b%? + @ A c? - d? == 9, then

J(gCos[e+fX])p (a+bsin[e+fx])" (c+dsin[e+fx]) dx —
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

cg(gCos[e+-Fx])p'1 5

o E\JACos[erFx] [1+§Sin[e+fx])¥[1—%Sin[e+fx]) (a+bsin[e+fx])"dx
(1+sin[e+fx]) 7 (1-sin[e+fx])>

cg (gCos[e+-Fx])p'1

d 2 d 2
Subst[J(1+—x] : (1——x] * (a+bx)"dx, x, Sin[e+-Fx]]
)% c c

£ (1+sin[e+fx])T (1-sin[e+Fx]

Program code:

Int[(g_.#cos[e_.+Ff_.xx_]) p_*(a_+b_.xsin[e_.+f_.»x_]) m_«(c_+d_.xsin[e_.+f_.»x_]),x_Symbol] :=
Cxgx (g*Cos [e+f*x] )" (p—1)/('F* (1+S:i.n [e+f*x] ) A((p-1)/2) * (1-Sin [e+f*x] )"( (p-1)/2) ) *
Subst [Int[ (1+d/cxx)~((p+1)/2)*(1-d/c*x) " ((p-1)/2) * (a+b*x) *m,x],X,Sin[e+f+x]] /;
FreeQ[{a,b,c,d,e,f,m,p},x] & NeQ[a*2-b"2,0] && EqQ[c"2-d"2,0]

6. J(gCos[e+fx])p (dsin[e+fx])" (a+bsin[e+fx])"dx whena®- b’ =0

1: jCos[e+fx]p (dsin[e+fx])" (a+bsSin[e+fx])"dx whena’?-b? =@ A meZ A 2m+p==0

Derivation: Algebraic simplification

a2m

Basis: If a> -b?==@ AmeZ A 2m+p = 0,then cos[z1” (a+bsin[z])" =

(a-bSin[z])"
Rule:If a2 -b%?==0 AmezZ A 2m+p = 0, then
(dSin[e+-Fx])n

J‘Cos[e+-|:x]p (dsin[e+fx])" (a+bsin[e+fx])"dx — azmj(a_bsin[e+fx])mdlx

Program code:

Int[cos[e_.+f_.*x_]"p_x(a_+b_.xsin[e_.+f_.»x_])"m_x(d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
a® (2+m) +Int[ (d«Sin[e+f+x])~n/(a-bxSin[e+fxx]) m,x] /;
FreeQ[{a,b,d,e,f,n},x] && EqQ[a"2-b"2,0] && IntegersQ[m,p] && EqQ[2+m+p,0]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J(gCos[e+fX])pSin[e+fX]2 (a+bsin[e+fx])"dx when a?-b?>=0 A m==p

Derivation: Nondegenerate sine recurrence lbwithA - a2, B~2ab, C> b2, m- 0
Rule: If a2 - b% == @ A m == p, then

J(gCos[e+fx])pSin[e+fx]2 (a+bsin[e+fx])"dx —

(gCos[e+-Fx])'J+1 (a+bSin[e+-Fx])"'+1
- +

2bfg (m+1) 2g?

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_»sin[e_.+f_.xx_]"2+(a_+b_.#sin[e_.+f_.+x_])~m_,x_Symbol] :=
- (g*Cos [e+'F*X] )" (p+1) * (a+b*Sin [e+'F*x] ) 2 (m+1)/(2*b*f*g* (m+1) ) +
a/ (2#g"2) »Int[ (gxCos[e+Ffxx])~ (p+2) » (a+bxSin[e+Ffxx]|)~(m-1),x] /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && EqQ[m-p,0]

J(gCoS[e+fx])P+2 (a+bsinfe+fx])""ax
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

3: J(gCos[e+fX])pSin[e+fX]2 (a+bsin[e+fx])"dx when a®>-b?> =@ Am+p+1=:0

Derivation: 7?7?
Rule:If a2 -b%2 =20 A m+p+1=0,then

J\(gCos[e+1“x])'”$in[e+1’x]2 (a+bsin[e+fx])"dx —

b(gcC £x])P? b Si £x])"
(8 os[e+ X]) f(a+ 1n[e+ X]) —%J‘(gCos[erFx])'{’+2 (a+bSin[e+-Fx])'"dlx
afgm g

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_»sin[e_.+f_.xx_]"2+(a_+b_.#sin[e_.+f_.+x_])~m_,x_Symbol] :=
bx (g*Cos [e+'F*x] )" (p+1) = (a+b*Sin [e+f*x] ) "m/(a*f*g*m) -
1/g~2+Int[ (gxCos[e+Ffxx])~ (p+2) » (a+bxSin[e+Ffxx]) m,x] /;

FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && EqQ[m+p+1,0]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 30

4. J(gCos[e+fX])p (dsin[e+fx])" (a+bsin[e+fx])"dx whena’?-b?=0 A mez

1: Cos[e+-Fx]p (dSin[e+-Fx])" (a+bSin[e+-Fx])"'d1x whena?-b%=2=0 A meZ A 12’-62 N m+‘2’->0

Derivation: Algebraic expansion

Basis: If a2 - b? == 9 A g— € Z,then cos(z]? = :—p (a-bsin[z])P’? (a+bsin[z])P"?

Rule:If a2 -b*> =0 Amez A 2 ez Am+ 2 >0,then

JCos[e+fx]p (dsin[e+fx])" (a+bsin[e+Fx])"dx —

1 o o o . +
a—pJExpandTrlg[(d51n[e+fx])" (a—b51n[e+-Fx])"/2 (a+b51n[e+fx])"' p/2 x] dx

Program code:

Int[cos[e_.+f_.#x_]"p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.xx_])"m_,x_Symbol]| :=
1/a”p=Int[ExpandTrig[ (dxsin[e+fxx])~n« (a-bxsin[e+fxx]|)~(p/2)  (a+bxsin[e+fxx])"(m+p/2),x],x] /;
FreeQ[{a,b,d,e,f},x] && EqQ[a"2-b"2,0] & IntegersQ[m,n,p/2] && (GtQ[m,0] & GtQ[p,0] && LtQ[-m-p,n,-1] || GtQ[m,2] & LtQ[p,0] && GtQ[m+p/2,¢



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J(gCos[erFx])p (dsin[e+fx])" (a+bsin[e+fx])"dx whena®?-b?=0 A mez*

Derivation: Algebraic expansion
Rule:If a2 - b%?==0 A me z*,then

J(gCos[erFx])p (dsin[e+fx])" (a+bsin[e+fx])"dx — J(gCos[e+fx])"ExpandTr'ig[(dSin[e+-Fx])" (a+bsin[e+fx])", x] ax

Program code:

Int[(g_.xcos[e_.+f_.xx_])"p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol]| :=
Int[ExpandTrig[ (g+cos[e+fxx])~p, (dxsin[e+fxx]) nx (a+bxsin[e+fxx]) m,x],x] /;
FreeQ[{a,b,d,e,f,g,n,p},x] & EqQ[a~2-b"2,0] & IGtQ[m,O]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

3. J-(gCos[erFx])p (dsin[e+fx])" (a+bsin[e+fx])"dx whena®?-b?=0 A mez"

1: Cos[e+-Fx]2 (dSin[e+-Fx])n (a+bSin[e+-Fx])'“dlx whena?-b%==0 A mez"-

Derivation: Algebraic simplification
Basis: If a2 - b%2 == ©,thenCos[z]2 =1 (a+bSin[z]) (a-bSin[z])
Rule: If a2 -b%? =20 A me Z,then

jCos[e+fx]2 (dsin[e+fx])" (a+bsin[e+fx])"dx — :jj(dsin[e+fx])" (a+bSin[e+1:x])'"+1 (a-bsin[e+fx]) dx

Program code:

Int[cos[e_.+f_.#x_]"2#(d_.*sin[e_.+f_.xx_])~n_«(a_+b_.xsin[e_.+f_.xx_])"m_,x_Symbol] :=
1/b~2xInt[ (d«Sin[e+fxx]) nx (a+bxSin[e+fxx])~ (m+1) » (a-bxSin[e+fxx]),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] & (ILtQ[m,0] || Not[IGtQ[n,0]])
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J-(gCos[e+fx])p (dsin[e+fx])" (a+bsin[e+fx])"dx whena®?-b?=0 A mez"

Derivation: Algebraic expansion

Basis: |f a2 — b2 == @’ then a+bSin[z] == é\z2 (gCos.[z])2
g° (a-bSin[z])

Rule:If a2 -b%? =20 A me z,then

.-,.2_"‘J-(gCos[e+1:x])2“1+p (dsin[e+fx])" .

[(gcosle s £x])° (asinfes £x])" (asbsinfes £x])"ax — 2 (s _bsinfes £x])"

g

Program code:

Int[(g_.xcos[e_.+f_.xx_])"p_x(d_.+sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.»x_])"m_,x_Symbol] :=
(a/g) ~(2#m) xInt[ (g+Cos [e+Ffxx] )" (2xm+p) » (d+Sin[e+Ffxx])~n/(a-bxSin[e+fxx]) m,x] /;
FreeQ[{a,b,d,e,f,g,n,p},x] & EqQ[a*2-b"2,0] && ILtQ[m,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 34

5: J(gCos[e+fX])p (dsin[e+fx])" (a+bsin[e+fx])"dx whena®?-b?=0 AmezZ A (2m+p=0 V 2m+p>0 A p<-1)

Derivation: Algebraic expansion

Basis: |f a2 — b2 == @’ then a+bSin[z] == 6122 (gCos.[z])2
g° (a-bSin[z])

Note: By making the degree of the cosine factor in the integrand nonnegative, this rule removes the removable
singularities from the integrand and hence from the resulting antiderivatives.

Rule:If a2 -b2 =0 AmezZ A 2m+p=0V 2m+p>0 A p< -1),then

a2m J«(gCos[e+-Fx])2"l+p (dSin[e+fx])" x

J(gCOS[e+fx])p (dSin[e+-Fx])" (a+bSin[e+-Fx])'“d]x — g (a—bSin[e+fX])m

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.»x_])~m_,x_Symbol]| :=
(a/g) ~ (2+m) xInt[ (g+Cos [e+Ffxx] )" (2xm+p) » (dxSin[e+Ffxx])~n/(a-bxSin[e+fxx]) m,x] /;
FreeQ[{a,b,d,e,f,g,n},x] & EqQ[a"2-b"2,0] & IntegerQ[m] && RationalQ[p] & (EqQ[2#m+p,0] || GtQ[2sm+p,0] && LtQ[p,-1])



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

6. J(gCos[e+fX])pSin[e+fX]2 (a+bsin[e+fx])"dx when a?-b*==0

1: J(gCos[e+fx])pSin[e+fx]2 (a+bsin[e+ fx])"dx when a?-b? =0 A ms-%

Derivation: 7?7
Rule:If a2 -b%2 =20 A m=< —%,then

J.(gCos[e+-Fx])pSin[e+-Fx]2 (a+bsin[e+fx])"dx —

b(gCos[e+1:x])p+1 (a+bsin[e+fx])" 1 )
- J(gCos[erFx])"(a+bSin[e+-Fx])"” (am-b (2m+p+1) Sin[e+fx]) dx
afg (2m+p+1) aZ (2m+p+1)

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_»sin[e_.+f_.xx_]"2#(a_+b_.#«sin[e_.+f_.*x_])"m_,x_Symbol] :=

bx (g%Cos [e+fxx]) " (p+1) » (a+bxSin[e+fxx]) m/ (axfxgs (2xm+p+1)) -

1/ (a2 (2xm+p+1) ) »Int[ (gxCos[e+Ffxx] ) px (a+bxSin[e+Ffxx]) (m+1) x (axm-bx (2xm+p+1) +Sin[e+f*x]),x] /;
FreeQ[{a,b,e,f,g,p},x]| && EqQ[a~2-b"2,0] && LeQ[m,-1/2] 8&& NeQ[2#m+p+1,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J-(gCos[e+-Fx])'{’Sin[e+1:x]2 (a+bsin[e+fx])"dx when a> - b? =0 A m{—%

Derivation: Nondegenerate sine recurrence lbwithA - a2, B~2ab, C> b2, m- 0
Rule:If a® - b? == @ A m« -2, then

J(gCos[e+fx])pSin[e+fx]2 (a+bsin[e+fx])"dx —

(gCos[e+1:x])p+1 (a+bsin[e+1°x])"1+1 1
- + j(gCos[e+fx])p(a+bSin[e+-Fx])"'(b(m+1)—a(p+1) sin[e+fx]) dx
bfg (m+p+2) b (m+p+2)

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_»sin[e_.+f_.xx_]"2+(a_+b_.#sin[e_.+f_.+x_])~m_,x_Symbol] :=

- (g*Cos [e+f*x] )" (p+1) = (a+b*Sin [e+f*x] ) 2 (m+1)/(b*f*g* (m+p+2) ) +

1/ (bx (m+p+2) ) »Int[ (gxCos [e+Ffxx]) px (a+bxSin[e+Ffxx] ) mx (bx (m+1) -ax (p+1) xSin[e+fxx]),x] /;
FreeQ[{a,b,e,f,g,m,p},x] & EqQ[a"2-b"2,0] && NeQ[m+p+2,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

7. JCos[e+1:x]'{J (dSin[e+-Fx])" (a+bSin[e+fx])'"dlx when a2 -b%2:==0 A Eez

1: Cos[e+-Fx]2 (dsin[e+fx])" (a+bsSin[e+fx])"dx whena®?-b>=0 A (2m|2n) ez

Derivation: Algebraic simplification
Basis: If a2 - b%2 == ©,thenCos[z]2 =1 (a+bSin[z]) (a-bSin[z])
Rule:If a2 -b%2==0 A (2m | 2n) € Z,then

jCos[e+fx]2 (a+bsin[e+fx])" (dsin[e+fx])"dx — :jj(dsin[e+fx])" (a+bSin[e+1:x])'"+1 (a-bsin[e+fx]) dx

Program code:

Int[cos[e_.+f_.*x_]"2%(d_.#sin[e_.+f_.xx_])"n_«(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=
1/b~2xInt[ (d«Sin[e+fxx]) nx (a+bxSin[e+fxx])~ (m+1) » (a-bxSin[e+fxx]),x] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && IntegersQ[2xm,2xn]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2. Cos[e+-Fx]4 (dsin[e+fx])" (a+bsSin[e+fx])"dx whena? -b? == 0

1: Cos[e+-Fx]4 (dSin[e+-Fx])n (a+bSin[e+-Fx])'“dlx whena?-b%=20 A m< -1

Derivation: Algebraic expansion
Basis: If a2 - b? == @, then cos[z]* = -2Zsin[z] (a+bsin[z])’+ % (1+Sin[z]?) (a+bsSin[z])’
Rule:If a2 -b%2==0 A 2meZ A m< -1,then

JCos[e+fx]4 (dsin[e+fx])" (a+bsin[e+fx])"dx —

2 1
—mj(dsin[e+fx])"*1 (a+bsin[e+fx])™?ax+ a—zj(dsin[e+fx])" (a+bsin[e+£x])™ (1+sin[e+fx]?) dx

Program code:

Int[cos[e_.+f_.#x_]"4*(d_.xsin[e_.+f_.xx_]) n_«(a_+b_.xsin[e_.+f_.»x_])"m_,x_Symbol] :=
-2/ (axbxd) xInt [ (d*Sin [e+'F*x] ) A(n+l) = (a+b*Sin [e+f*x] )" (m+2) ,x] +
1/a~2xInt[ (dxSin[e+fxx]) nx (a+bxSin[e+fxx]) (m+2) » (1+Sin[e+fxx]|~2),x] /;
FreeQ[{a,b,d,e,f,n},x] && EqQ[a"2-b"2,0] && LtQ[m,-1]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: Cos[e+-Fx]4 (dSin[e+-Fx])n (a+bSin[e+-Fx])"'d1x whena?-b%=0 A m¢-1

Derivation: Algebraic expansion

Basis: cos[z]% == Sin[z]*+1-2Sin[z]?2

Rule: If a2 -b%2 =20 A m<¢ -1, then
ka[e+fq4(dﬁnp+fx”"(a+bﬁnp+fx”mdx_4

:Tj(dsin[e+fx])"+4 (a+bSin[e+fx])'"d]x+J(dsin[e+fx])" (a+bsin[esfx])" (1-2sine+fx]?) ax

Program code:

Int[cos[e_.+f_.*x_]"4%(d_.+sin[e_.+f_.xx_])~n_«(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=
1/d*4xInt [ (d*Sin [e+'F*X] ) A(n+4) * (a+b*S:i.n [e+'F*X] )"m,x] +
Int [ (d*Sin [e+f*x] ) nx (a+b*Sin [e+f*x] ) m* (1-2*S:i.n [e+f*x] "2) ,x] /3
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] && Not[IGtQ[m,0]]

3: [Cos[e+fx]® (dsin[e+fx])" (a+bSin[e+fx])"dx when a’-b>=0 A gez AMeZ

Derivation: Algebraic expansion, piecewise constant extraction and integration by substitution

Basis: If a> - b? == @ A 2 € z,thenCos[z]P == a™® (a+bSin[z])P’? (a-bSin[z])P/?

Basis: 0 Cos [e+f x] -
X J1:Sin[e+fx] /1-Sinle+fx]

Basis: Cos[e + f x] = ¢ xSin[e + fx]

Rule: If a2 -b%? =0 A 2 ez A mez,then
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

JCos[e+fx]p (dsin[e+fx])" (a+bsin[e+fx])"dx —

a‘pJ(dSin[e+fx])" (a+bSin[e+-Fx])"”"/2 (a—bSin[e+-Fx])p/2d1x —

p-1

a'"Cos[e+fx] JCos e+fx] (dsin[e+fx])" 1+Esin e+fx " 1—Esine+fx
\/1+Sin[e+-Fx] \/1—Sin[e+-Fx] [ H [ D ( a [ ]] ( a [ ]]

mc .F +E E
a os[e+ X] Subst[j(dX)"(1+EX)m 2 (1_2)() *dx, x, Sin[e+'FX]]
a

f+/1+sin[e+fx] \/1-sin[e+fx] @

Program code:
Int[cos[e_.+f_.#x_]"p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.xx_])"m_,x_Symbol] :=
a*mxCos [e+fxx]/(f+Sqrt[1+Sin[e+fxx]]+Sqrt[1-Sin[e+f+x]])

Subst [Int[ (d=x)~nx (1+b/axx) " (m+ (p-1) /2) x (1-b/axx) " ((p-1) /2) ,x],X,Sin[e+fxx]] /;
FreeQ[{a,b,d,e,f,n},x] && EqQ[a"2-b"2,0] && IntegerQ[p/2] && IntegerQ[m]

4: JCos[erFx]p (dSin[e+-Fx])" (a+bSin[e+-Fx])'"d1x when a2 -b2==0 A g-ez AMe¢Z

Derivation: Algebraic expansion, piecewise constant extraction and integration by substitution

Basis: If a> - b? == @ A 2 ¢ 7,thenCos[z]P == a™® (a+bSin[z])P’? (a-bSin[z])P/?

Cos[e+f x] -9
~Ja+bSin[e+fx] ~/a-bSin[e+fx]

Basis: If a% - b2 == 9, then Oy
Basis: Cos[e + f x] = ¢ xSin[e + fx]
Rule:If a2 -b® =0 A 2 cZ A m¢ Z,then

JCos[e+fx]" (dsin[e+fx])" (a+bsin[e+fx])"dx —

p-1
2

dx

—
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

a"’J(dSin[erFx])" (a+bSin[e+-Fx])'"+p/2 (a—bSin[e+-Fx])p/2dlx —

Cos[e+fx]

J\Cos[erFx] (dSin[e+fx])" (a+bSin[e+fx])'"+;'; (a—bSin[e+-Fx]);';dlx —
aP‘Z\/a+bSin[e+fx] \/a—bsin[e+fx]

1

Cos|[e + fx| . . N b1 ]
ubst[f(dx) (a+bx)™z"z (a-bx)z zdx, x, Sln[e+-Fx]]

ap‘zf\/a+bsin[e+fx] \/a—bsin[e+fx]

Program code:

Int[cos[e_.+f_.#x_]"p_x(d_.»sin[e_.+f_.xx_])"~n_x(a_+b_.xsin[e_.+f_.#x_])"m_,x_Symbol] :=
Cos[e+fxx]/(a” (p-2) #f+Sqrt[a+bsSin[e+fxx] ]| +Sqrt[a-bsSin[e+f+x]])«
Subst [Int[ (d=x)"n(a+bxx)"(m+p/2-1/2) » (a-bxx) ~(p/2-1/2) ,x],X,Sin[e+fxx]] /;
FreeQ[{a,b,d,e,f,m,n},x] & EqQ[a"2-b"2,0] & IntegerQ[p/2] && Not[IntegerQ[m]]

8: J(gCos[e+fX])p (dsin[e+fx])" (a+bsin[e+fx])"dx whena®-b?=0 A mez*

Derivation: Algebraic expansion
Rule:If a2 -b%?==0 A me z*,then

J(gcos[eﬂcx])" (dsin[e+Fx])" (a+bsin[e+Fx])"dx — J(gCos[e+fx])pExpandTr'ig[(dSin[e+-Fx])" (a+bsin[e+fx])", x] ax

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol]| :=
Int[ExpandTrig[ (g+cos[e+fxx])~p, (dxsin[e+fxx]) nx (a+bxsin[e+fxx]) m,x],x] /;
FreeQ[{a,b,d,e,f,g,n,p},x] & EqQ[a~2-b"2,0] && IGtQ[m,0] && (IntegerQ[p] || IGtQ[n,0])
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 42

9. J(gCos[e+fX])p (dsin[e+fx])" (a+bsin[e+fx])"dx when a* - b? == 0

1: J(gCos[erFx])p (dsin[e+fx])" (a+bsin[e+fx])"dx when a>-b>=0 A mez

Derivation: Piecewise constant extraction and integration by substitution

Basis: Oy (g Cosle+f x])P? _
(1+Sin[e+Fx])%7(1—Sin[e+fx])%7
Basis: Cos [e + f x] == % OxSinfe + f x]

Rule: If a2 - b%? =0 A m e z, then

J\(gCos[e+fx])p (dsin[e+fx])" (a+bsin[e+fx])"dx —

p-1

m C f p-1 m+——
g (scos(e - £x]) Jeoste g wsinter ey (1 2ot e
p-1 a

(1+sin[e+fx])T (1-Sin[e+fx])T

b [
(1- —Sin[e+fx]] P dx —
a

b m+—— b ?
- - Subst[J(d x)" (1+ —x] (1— —x) dx, X, Sin[e+fx]]
-F(1+Sin[e+fx])z_(1—Sin[e+fx])T a a

a"g (gCos[e+1:x])p'1 P

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.xx_])"m_,x_Symbol] :=
armxgx (gxCos [e+fxx] )" (p-1) /(f* (1+Sin [e+fxx]) " ((p-1)/2) * (1-Sin[e+fxx])~((p-1)/2) )=
Subst [Int[ (dxx)"n# (1+b/axx)" (m+ (p-1) /2)  (1-b/axx) ~ ((p-1) /2) ,x],X,Sin[e+fxx]] /;
FreeQ[{a,b,d,e,f,n,p},x] & EqQ[a"2-b"2,0] && IntegerQ[m]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J-(gCos[erFx])p (dsin[e+fx])" (a+bsSin[e+fx])"dx when a’-b? =0 A m¢z

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a% - b2 == 9, then Oy Cos [e+f x] -
\Ja+bSin[e+f x] +/a-bSin[e+fx]

Basis: Cos [e + f x] == %@XSin[eﬂcx]
Rule: If a2 - b% == 0 A m ¢ Z, then

J(gCos[e+fX])p (dSin[e+1=x])n (a+bSin[e+-Fx])'"d1x —

g (gCos[e+-Fx])p'1

p-1

o = JCos[e+fx] (dsin[e+fx])" (a+bSin[e+fx])"‘*? (a_bsin[eJ{fX])?dx -
(a+bsin[e+fx]) = (a-bsSin[e+fx])™

g (gCos[e+-Fx])p'1

— — Subst”(d X)" (@a+bx)™T (a-bx) T dx, X, sinfe +£x]]
f (a+bSin[e+fx])z_ (a—bSin[e+fx])z_

Program code:

Int[(g_.#cos[e_.+Ff_.xx_]) p_*(d_.#sin[e_.+Ff_.xx_]) n_x(a_+b_.xsin[e_.+f_.»x_])~m_,x_Symbol] :=
g* (g*Cos [e+'F*x] ) A (p-l)/(f* (a+b*Sin [e+f*x] ) A((p-1)/2) * (a-b*Sin [e+f*x] ) A((p-1)/2) ) *
Subst [Int[ (dx)"n# (a+bx) " (m+ (p-1) /2) * (a-b*x) ~ ((p-1) /2) ,x],X,Sin[e+fxx]] /;
FreeQ[{a,b,d,e,f,m,n,p},x] & EqQ[a*2-b"2,0] && Not[IntegerQ[m]]

7. j(gCos[ewa])p (dsin[e+fx])" (a+bsin[e+fx])"dx whena®-b*+0

1. J(gCOS[e+fx])p (a+bSin[e+fX])m

dx whena?-b%2#0
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

1: J(ECOS[erFx])p (a+b5in[e+fx])m

dwanf—b2¢0Am<—1Am+p+%=e

Rule:If a>-b>#@ Am< -1 Am+p+ > =0,then
(gCos[e+fx])? (a+bsin[e+Ffx])"
g(gCos[e+fx])p'1m(a+bSin[e+-Fx])'"+1+g2 (2m+3)J(gcos[e+fx])P-2 (a+bsin[e+fx])™*
adf (m+1) 2a (m+1) m

dx —

dx

Program code:

Int[(g_.+cos[e_.+Ff_.xx_])~p_*(a_+b_.xsin[e_.+f_.xx_]) m_/Sqrt[d_.+sin[e_.+f_.xx_]],x_Symbol] :=
-g* (g*COS [e+f*x] ) A (p-1) »Sqrt [d*Sin [e+f*x] ] * (a+b*Sin [e+f*x] ) n (m+1)/(a*d*f* (m+1) ) +
872 (2%m+3) / (2%a* (m+1) ) xInt [ (g*Cos [e+f*x] ) A (p-2) * (a+b*Sin [e+‘F*x] )" (m+1)/Sqrt [d*S:i.n [e+'F*X] ] ,x] /3
FreeQ[{a,b,d,e,f,g},x] && NeQ[a"2-b"2,0] && LtQ[m,-1] & EqQ[m+p+1/2,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

dx whenaz—b2¢0Am>a/\m+p+§==e

2: J(ECOS[erFx])p (a+b5in[e+fx])m

Rule:If a>-b>#@ Am>0 A m+p+ > =0,then

J‘(gCos[e+1‘x])p (a+bsin[e+fx])"
'\/dSin[e+fx]

dx —

2(gCos[e+-Fx])p+1’\/dsin[e+fx] (a+bsin[e+fx])" 2am (gCos[e+-Fx])p+2 (a+bSin[e+1=x])'"'1
+
dfg (2m+1) g2 (2m+1) ’7d51n[e+fx]

Program code:

Int[(g_.+cos[e_.+Ff_.xx_]) p_*(a_+b_.xsin[e_.+f_.xx_]) m_/Sqrt[d_.+sin[e_.+f_.xx_]],x_Symbol] :=
2% (g*Cos [e+f*x] )" (p+1) *Sqrt [d*Sin [e+-F*x] ] * (a+b*Sin [e+-F*x] ) "m/(d*f*g* (2xm+1) ) +
2xaxm/ (g"2# (2xm+1) ) +Int [ (gxCos [e+fxx])~ (p+2) x (a+bxSin[e+fxx])~(m-1) /Sqrt[d«Sin[e+f+x]],x] /;
FreeQ[{a,b,e,f,g},x]| & NeQ[a"2-b"2,0] && GtQ[m,0] && EqQ[m+p+3/2,0]

dx

45



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2. JCos[e+fx]p(dSin[e+fx])" (a+bsin[e+fx])"dx whena?-b?#@ A (MeZ*V (2m|2n) €Z) A Eez*

1: Cos[e+-Fx]2 (dsin[e+fx])" (a+bsSin[e+fx])"dx whena®?-b2#@ A (mez*V (2m|2n) €Z)

Derivation: Algebraic expansion
Basis: cos[z]2 == 1-5in[z]?
Rule:1f a2 -b%2+@ A (mez*V (2m|2n) €Z),then

JCos[e+fx]2 (dsin[e+fx])" (a+bsin[e+fx])"dx — J(dsin[e+fx])" (a+bsin[e+fx])" (1—Sin[e+fx]2) dx

Program code:
Int[cos[e_.+f_.*x_]"2%(d_.#sin[e_.+f_.xx_])"n_«(a_+b_.#«sin[e_.+f_.*x_])"m_,x_Symbol] :=

Int [ (d*Sin [e+f*x] ) nx (a+b*Sin [e+'F*x] ) mx (1—Sin [e+'F*x] "2) ,x] /3
FreeQ[{a,b,d,e,f,m,n},x] & NeQ[a"2-b"2,0] & (IGtQ[m,0] || IntegersQ[2m,2xn])

2. Cos[e+fx]4(dsin[e+fx])" (a+bsin[e+fx])"dx whena’-b?>#8 A (mez*V (2m|2n) €Z)
1. Cos[e+fx]4(dSin[e+-Fx])n (a+bsin[e+fx])"dx whena?-b?#@ A (mez*V (2m|2n) €z) A m<-1

X: jCos[e+fx]4 (dsin[e+fx])" (a+bsin[e+fx])"dx whena’?-b2#@ A (2m|2n) eZ Am<-1 An<-1

Derivation: Algebraic expansion
Basis: cos[z]4 == 1-2Sin[z]2 + Sin[z]?
Note: This produces a slightly simpler antiderivative whenm = -2,

Rule:1f a2 -b%2+@ A (2m|2n) €eZ Am< -1 A n< -1,then
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 47

JCos[e+fX]4 (dsin[e+fx])" (a+bsin[e+fx])"dx —

(a2 - b?) Cos[e + fx] Sin[e+-Fx]n+1 (a+bSin[e+-Fx])"'+1 (a2 (n+1) -b?> (m+n+2)) Cos[e+fx] Sin[e+-Fx]"+1 (a+bSin[e+1=x])'""2
ab?2d (m+1) ) a?b%?d (n+1) (m+1) '

: [sinfes#x]"* (asbsin[e s x])".

a?b (n+1) (m+1)
(a*> (n+1) (n+2) -b> M+n+2) (m+n+3) +ab (m+1) Sin[e+fx] - (a® (n+1) (n+3) -b*> (M+n+2) (m+n+4))Sin[e+-Fx]2) dx

Program code:

( Int[cos[e_.+f_.xx_]~4xsin[e_.+f_.+x_]~n_x(a_+b_.xsin[e_.+f_.xx_]) m_,x_Symbol] :=
(a*2-b”2) xCos [e+'F*X] *Sin [e+'F*X] A(n+l) * (a+b*Sin [e+'F*X] )" (m+1)/(a*b"2*d* (m+1)) -
(a”2% (n+1) -b"2x (m+n+2) ) xCos [e+'F*x] *Sin [e+'F*x] A(n+l) = (a+b*Sin [e+'F*x] ) 2 (m+2)/(a"2*b"2*d* (n+1) * (m+1) ) +
1/ (a”2xbx (n+1) » (m+1) ) xInt[Sin[e+Ffxx]|~ (n+1) » (a+bxSin[e+Ffxx])~ (m+1)
Simp [a"Z* (n+1) * (n+2) —=b*2% (M+Nn+2) * (M+n+3) +axbx (m+1) xSin [e+'F*X] - (a”2% (n+1) * (n+3) -b*2% (M+Nn+2) x (M+n+4) ) xSin [e+'F*X] "2,X] ,X] /3
FreeQ[{a,b,d,e,f},x]| && NeQ[a"2-b"2,0] & IntegersQ[2+m,2xn] & LtQ[m,-1] && LtQ[n,-1] =)

1: Cos[e+-Fx]4 (dsin[e+fx])" (a+bsin[e+fx])"dx whena®?-b?#@ A (2m|2n) eZ Am<-1 An<-1

Derivation: Algebraic expansion and sine recurrence 3b withA -1, B-0, C-> -2, m->n, n - p, 2bwith
A--b(m+n+2),B->-an,C>b(n+p+3), m>n+1, n- pand
2awithA-0,B-0,C->1,m>n+4-2, n>p

Basis: cos[z]4 == 1-2Sin[z]2 + Sin[z]?
Rule:1f a2 -b%2+@ A (2m|2n) €eZ Am< -1 A n< -1,then

JCos[e+fx]4 (dsin[e+fx])" (a+bsSin[esfx])"dx —

J(dsin[e+fx])" (a+bsin[e+fx])" (1-25in[e+fx]?) ax+ d%J(dSin[e+fx])""4 (a+bsin[e+fx])"ax —

Cos[e + fx] (dSin[e+-Fx])""1 (a+bSin[e+-Fx])'"+1 (32 (n+1) -b?> (m+n+2)) Cos[e+fx| (dSin[e+-Fx:|)""2 (a+bSin[e+-Fx])'"+1
adf (n+1) } a’?bd?>f (n+1) (m+1) '



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

1

3 n+l . m+1
a2bd (n+1) (ne1) J(d51n[e+fx]) (a+bsinfe+fx])™".

((a*(n+1) (n+2) -b> (m+n+2) (m+n+3) +ab (m+1) Sin[e+fx] - (a (n+1) (n+3) -b> (m+n+2) (m+n+4))Sin[e+fx]?)) ax

Program code:

Int[cos[e_.+f_.*x_]"4(d_.#sin[e_.+f_.xx_])"n_«(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=
Cos [e+f*x] * (d*Sin [e+-F*x] )" (n+1) = (a+b*Sin [e+f*x] ) n (m+1)/(a*d*f* (n+1) ) -
(a*2% (n+1) -b*2x (m+n+2) ) xCos [e+'F*X] * (d*Sin [e+f*x] ) A(N+2) * (a+b*Sin [e+'F*X] )" (m+1)/(a"2*b*d"2*f* (n+1) * (m+1) ) +
1/ (a”2xbxd* (n+1) * (m+1) ) *Int [ (d*Sin [e+'F*x] ) A(n+l) = (a+b*Sin [e+'F*X] ) A(m+1) *
Simp[a”2# (N+1) # (N+2) -b"2# (M+N+2) * (M+n+3) +axbx (M+1) xSin[e+Ffax] - (a2 (N+1) % (N+3) -b 2% (M+n+2) * (M+n+4) ) xSin[e+fxx]*2,x],x] /;
FreeQ[{a,b,d,e,f},x] & NeQ[a"2-b"2,0] 8&& IntegersQ[2xm,2sn] & LtQ[m,-1] && LtQ[n,-1]
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2. Cos[e+1:x]4 (dsin[e+fx])" (a+bsin[e+fx])"dx whena?-b*>#@ A (2m|2n) ez Am<-1 An¢-1

1: Cos[e+-Fx]4(dSin[e+-Fx])" (a+bsin[e+fx])"dx whena?-b?>#@ A (2m|2n) €Z Am<-1 ANg-1 A (M<-2V M+n+4=:0)

Derivation: Algebraic expansion
Basis: cos[z]4 == 1-2Sin[z]2 + Sin[z]?
Rule:1f a2 -b2#@ A (2m|2n) eZ Am<-1An¢-1A (M<-2Vm+n+4-=20),then

jCos[e+fx]4 (dsin[e+fx])" (a+bsin[es+fx])"dx —

(a> -b?) Cos[e + fx] (dSin[e+-Fx])"+1 (a+bSin[e+-Fx])'"+1 (3> (n-m+1) -b> (m+n+2)) Cos[e+fx] (dSin[e+-Fx])"+1 (a+bSin[e+-Fx])'"+2
ab?2df (m+1) " a?b?2df (m+1) (m+2) )

1 j(dSin[E+fX])"(a+bSin[e+fX])m+z_

a?b? (m+1) (m+2)
(3> (n+1) (n+3) -b?> (m+n+2) (m+n+3) +ab (m+2) Sin[e+fx] - (a®> (n+2) (n+3) -b? (mM+n+2) (m+n+4))5in[e+fx]2) dx

Program code:

Int[cos[e_.+f_.*x_]"4x(d_.+«sin[e_.+f_.xx_])"n_«(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=
(a”2-b”2) xCos [e+f*x] * (a+b*Sin [e+f*x] ) A(m+1) = (d*Sin [e+f*x] ) A (n+1) /(a*b"Z*d*f* (m+1) ) +
(a”2% (n-m+1) -b”2% (m+n+2) ) xCos [e+-F*x] * (a+b*Sin [e+-F*x] )" (m+2) (d*Sin [e+-F*x] )" (n+1)/(a"2*b"2*d*-F* (m+1) * (M+2) ) -
1/ (a”2%xb"2% (m+1) * (m+2) ) *»Int [ (a+b*Sin [e+f*x] )" (m+2) % (d*S:i.n [e+f*x] ) nx
Simp[a"2# (N+1) # (N+3) -b"2# (M+N+2) * (M+n+3) +axbx (M+2) xSin[e+Fax] - (a2 (N+2) % (N+3) -b 2% (M+n+2) * (M+n+4) ) xSin[e+fxx]"2,x],x] /;
FreeQ[{a,b,d,e,f,n},x] && NeQ[a"2-b"2,0] && IntegersQ[2+m,2+n] & LtQ[m,-1] && Not[LtQ[n,-1]] && (LtQ[m,-2] || EqQ[m+n+4,0])
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2: JCos[e+fX]4 (dsin[e+fx])" (a+bsin[e+fx])"dx whena’?-b?>#@ A (2m|2n) €Z Am<-1 Ang¢-1 Am+n+440

Derivation: Algebraic expansion
Basis: cos[z]% == 1-25Sin[z]2 + Sin[z]*
Rule:1If a2 -b%2#@ A (2m|2n) eZ Am<-1An¢-1Am+n+4%0,then

J.Cos[e+1=x]4 (dsin[e+fx])" (a+bsin[e+fx])"dx —

(a®-b?) Cos[e+fx] (dsin[e+fx])™" (a+bsin[e+fx])™* i Cos[e+fx] (dsin[e+fx])"™" (a+bsin[e+fx])™? i

ab?2df (m+1) b2df (m+n+4)

1 J(dSin[e+fX])"(a+bSin[e+fX])m+1'

ab? (m+1) (m+n+4)
(a*> (n+1) (n+3) -b> (M+n+2) (m+n+4) +ab (m+1) Sin[e+fx] - (a® (n+2) (n+3) -b? (M+n+3) (m+n+4))Sin[e+fx]2) dx

Program code:

Int[cos[e_.+f_.#x_]"4*(d_.xsin[e_.+f_.»x_])~n_«(a_+b_.xsin[e_.+f_.»x_])"m_,x_Symbol] :=
(a~2-b”2) xCos [e+f*x] * (a+b*Sin [e+f*x] ) A(m+1) * (d*Sin [e+f*x] ) A (n+1)/(a*b"2*d*f* (m+1) ) -
Cos [e+fxx]« (a+bsSin[e+Ffxx] )~ (m+2) » (d+Sin[e+Fxx] )~ (n+1) /(b 2xdxfx (m+n+d)) -
1/ (axb”2% (m+1) * (m+n+4) ) *Int [ (a+b*Sin [e+-F*x] ) A(m+l) * (d*Sin [e+-F*x] )"n*
Simp [a"Z* (n+1) * (n+3) -=b*2% (M+N+2) * (M+n+4) +axbx (m+1) xSin [e+'F*x] - (a”2% (N+2) * (n+3) -=b*2% (M+Nn+3) * (M+n+4) ) xSin [e+'F*x] "Z,X] ,X] /3
FreeQ[{a,b,d,e,f,n},x] && NeQ[a"2-b"2,0] 8&& IntegersQ[2#m,2#n] & LtQ[m,-1] && Not[LtQ[n,-1]] && NeQ[m+n+4,0]

2. JCos[e+fx]4(dsin[e+fx])" (a+bsin[e+fx])"dx whena?-b?#8 A (mez*V (2m|2n) €z) Am¢-1
1. Cos[e+-Fx]4(dSin[e+fx])" (a+bsin[e+fx])"dx whena’-b?>#8 A (mez*V (2m|2n) €z) Am¢-1 An<-1
1:

jCos[e+fX]4(dSin[e+fx])" (a+bsin[e+fx])"dx whena?-b?#@ A (MeZ*V (2m|2n) €Z) AmM{-1 AN<-1 A (N<-2V M+n+4=:0)

Derivation: Algebraic expansion and sine recurrence 3b withA -1, B—- 0, C >0, m > n, n - pand3bwith



Rules for integrands of the form (g cos(e+f x))"p (a+b sin(e+f x))~m (c+d sin(e+f x))"n
A--bn+p+2),B>a(n+2),Cobmn+p+3), m>n+1,n->p
Basis: cos[z]4 == 1-2Sin[z]2 + Sin[z]?
Rule:If a2 -b2+@ A (mez*V (2m|2n) eZ) Am¢ -1 ANn<-1A (Nn<-2Vm+n+4-==-0),then

JCos[e+fx]4 (dsin[e+£x])" (a+bsin[e+fx])"dx —
j(dsin[e+fx])" (a+bsinfe+fx])"ax- :—zf(dsin[emx])"*z (a+bsinfe+x])" (2-Sin[e+Fx]?) ax —

Cos[e + x| (dSin[e+1=x])"+1 (a+bSin[e+-Fx])rI1+1 b (m+n+2) Cos[e+fx] (dSin[e+-Fx])"+2 (a+bSin[e+1’x])m+1

adf (n+1) a?d*f (n+1) (n+2)

: [(asinfes£x])™* (a+bsinfes£x])"-

a2d? (n+1) (n+2)
(a>n(n+2) -b> (m+n+2) (m+n+3) +abmSin[e+fx] - (a®> (n+1) (n+2) -b> (M+n+2) (m+n+4))sin[e+fx]2) dx

Program code:

Int[cos[e_.+f_.*x_]"4%(d_.+sin[e_.+f_.xx_])~n_«(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=
Cos [e+f*x] * (a+b*Sin [e+f*x] ) A(m+l) » (d*Sin [e+f*x] ) n (n+1)/(a*d*f* (n+1) ) -
bx (m+n+2) xCos [e+f*x] * (a+b*Sin [e+'F*X] )" (m+1) % (d*Sin [e+'F*X] ) 2 (n+2)/(a"2*d"2*f* (n+1) * (n+2) ) -
1/ (a”2%d”2x (n+1) x (n+2)) xInt [ (a+b*sin [e+'F*x] )"m* (d*Sin [e+'F*x] ) A(n+2) %
Simp[a"2#n* (N+2) -b"2x (M+n+2) » (M+n+3) +axb#mxSin [e+fxx] - (a"2x (N+1) » (N+2) -b 2% (M+n+2) » (M+n+4) ) xSin[e+Fxx]~2,x],x] /;
FreeQ[{a,b,d,e,f,m},x] && NeQ[a~2-b"2,0] && (IGtQ[m,@] || IntegersQ[2xm,2xn]) & Not[m<-1] && LtQ[n,-1] && (LtQ[n,-2] || EqQ[m+n+4,0])

2: JCos[e+-Fx]4(dSin[e+-Fx])" (a+bsin[e+fx])"dx whena?-b?>#@ A (MeZ*V (2m|2n) €Z) AmM{-1 AN<-1 AmM+n+4#0

Derivation: Algebraic expansion and sine recurrence 3b withA -1, B—- 0, C—> -2, m—> n, n - pand3awith
A-0,B-0,C->1,m>n+4-2,n->p

Basis: cos[z]% == 1-25Sin[z]2 + Sin[z]*

Rule:if a2-b2+@ A (mezZ'V (2m|2n) e€Z) Am« -1 An<-1Am+n+4#0,then
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jCos[e+fX]4 (dsin[e+fx])" (a+bsin[e+fx])"dx —
J.(dSin[e+fx])" (a+bsin[e+fx])" (1-25in[e+fx]?) dlx+j(d51n[e+fx])"+4 (a+bsin[e+fx])"ax —

Cos[e+fx] (dSin[e+-Fx])"+1 (a+bSin[e+-Fx])"'+1 Cos[e+-Fx] (dSin[e+1=x])"+2 (a+bSin[e+1:x])'"+1

+

adf (n+1) bd?>f (m+n+4)

! J(dsin[e+fx])"+1 (a+bsin[e+fx])"-

abd (n+1) (m+n+4)
(3> (n+1) (n+2) -b?> M+n+2) (m+n+4) +ab (m+3) Sin[e+fx] - (a®> (n+1) (n+3) -b? (m+n+3) (m+n+4))Sin[e+fx]2) dx

Program code:

Int[cos[e_.+f_.*x_]"4(d_.«sin[e_.+f_.xx_])"n_«(a_+b_.#sin[e_.+f_.*x_])"m_,x_Symbol] :=
Cos [e+fxx]« (a+rbsSin[e+Ffxx] )~ (m+1) « (d+Sin[e+Ffxx] )~ (n+1) /(axdxfx (n+1)) -
Cos [e+f*x] * (a+b*Sin [e+f*x] ) A(m+1) * (d*Sin [e+f*x] ) A (n+2) /(b*d"Z*f* (m+n+4) ) +
1/ (a*bxd* (n+1) * (m+n+4) ) xInt [ (a+b*Sin [e+'F*X] ) m* (d*Sin [e+'F*X] )" (n+1)
Simp [a"Z* (n+1) * (n+2) -b*2% (M+n+2) * (M+n+4) +axb* (m+3) *Sin [e+'F*x] - (@”2% (n+1) * (n+3) -b*2% (M+n+3) * (M+n+4) ) *Sin [e+'F*x] "Z,x] ,x] /3
FreeQ[{a,b,d,e,f,m},x] && NeQ[a"2-b"2,0] && (IGtQ[m,0] || IntegersQ[2sm,2sn]) && Not[m<-1] & LtQ[n,-1] && NeQ[m+n+4,0]

2: Cos[e+fx]4(dsin[e+fx])" (a+bsin[e+fx])"dx whena’-b?>#8 A (MeZ*V (2m|2n) €Z) AM{-1 ANEL-1 AM+N+3#0 AM+n+4%0

Derivation: Algebraic expansion and sine recurrence 3awithA -0, B-0, C—>1, m>n+4 -2, n- pand3awith
A-an+2),B->bn+p+3),Co>-a(n+3),m>n+1, n>p

Basis: cos[z]4 == 1-2Sin[z]2 + Sin[z]?
Rule:lIf a2 -b2+@ A (mez*V (2m|2n) eZ) Am¢« -1 Ang-1Am+n+3+0 Am+n+4+0,then

J-Cos[e+fx]4 (dsin[e+fx])" (a+bsin[e+Fx])"dx —

J‘(dsin[e+fx])" (a+bSin[e+fx])" (1-2Sin[e+Ffx]?) dx + d%j(dsin[e+fx])"+4 (a+bSin[e+fx])"dx —



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 53

a (n+3) Cos[e+fx] (dSin[e+-Fx])"+1 (a+bSin[e+-Fx])'"+1 Cos[e + x| (dSin[e+-Fx])n+2 (a+bSin[e+-Fx])"I+1

b2df (m+n+3) (m+n+4) bd?’f (m+n+4)

: [(asinfe~£x])" (asbstn[es £x])"-

b2 (m+n+3) (M+n+4)
2 _ b? : _ (a2 K2 . 2
(3> (n+1) (n+3) -b?> m+n+3) (m+n+4) +abmSin[e+fx]| - (a® (n+2) (n+3) -b> (mM+n+3) (m+n+5))Sin[e+fx]°) dx

Program code:

Int[cos[e_.+f_.*x_]~4x(d_.+sin[e_.+f_.xx_])"n_«(a_+b_.#sin[e_.+f_.+x_])~m_,x_Symbol] :=
ax (n+3) xCos [e+-F*x] * (d*Sin [e+f*X] ) A(n+l) * (a+b*Sin [e+'F*X] )" (m+1)/(b"2*d*f* (m+n+3) * (m+n+4) ) -
Cos [e+'F*x] * (d*Sin [e+'F*x] )" (n+2) % (a+b*Sin [e+'F*x] ) A (m+1) /(b*d"Z*'F* (m+n+4) ) -
1/ (b”"2% (m+n+3) * (m+n+4) ) *Int [ (d*Sin [e+f*x] ) nx (a+b*Sin [e+f*x] ) mx
Simp [a"2* (n+1) * (n+3) —=b*2% (Mm+n+3) * (M+n+4) +axbxm«Sin [e+'F*X] - (a™2% (N+2) * (n+3) -=b*2% (M+n+3) * (M+n+5) ) *Sin [e+'F*X] "2,X] ,X] /3
FreeQ[{a,b,d,e,f,m,n},x] & NeQ[a"2-b"2,0] && (IGtQ[m,8] || IntegersQ[2m,2+n]) & Not[m<-1] && Not[LtQ[n,-1]] & NeQ[m+n+3,0] && NeQ[m+n+4,0

3: Cos[e+-Fx]6 (dSin[e+-Fx])" (a+bSin[e+-Fx])"'d1x whena?-b2#@ A (2m|2n) €Z AN#-1 AN#-2 AmM+nN+5#0 Am+n+6#£0

Derivation: Algebraic expansion and sine recurrence 3b withA -1, B> 0, C > -3, m - n, n - p, 3bwith
A--b(2+n+p),B>a(2+n-3(1+n)),C>b (3+n+p), m>n+1, n->p,

3awithA-3,B-0, C-> -1, m>n+4, n- pand3awith
A--a(4+n),B->b (-5-n-p+3(6+n+p)), C>a(5+n), m>n+3, n->p

Basis: cos[2] = 1-3sin[z]2 +Sin[z]* (3 - Sin[z]?)
Rule:lf a2 -b2+@ A (2m|2n) €eZ AN+ -1ANn#-2Am+n+5+0 Am+n+6#0,then
JCos[e+fx]6(dSin[e+fx])"(a+bsin[e+fx])'“dlx—>

J(dsin[e+fx])" (a+bsin[e+fx])" (1—35in[e+-Fx]2) dx + d%f(dsin[e+fx])"*4 (a+bsin[e+fx])" (3—Sin[e+fx]2) dx —

Cos[e+ fx] (dSin[e+1°x])"*1 (a+bSin[e+-Fx])"'+1 b (m+n+2) Cos[e+fx] (dSin[e+-Fx])"+2 (a+bSin[e+Fx])"‘+1

adf (n+1) a?d?f (n+1) (n+2)
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a (n+5) Cos[e+fx] (dSin[e+-Fx])"+3 (a+bSin[e+-Fx])"'+1 Cos[e + x| (dSin[e+1:x])n+4 (a+bSin[e+-Fx])m+1
+

+

b2d3*f (m+n+5) (m+n+6) bd*f (m+n+6)

! J(dsin[e+fx])"+2 (a+bsin[e+fx])"-

a’?b?d?> (n+1) (N+2) (M+n+5) (Mm+n+6)
(a* (n+1) (n+2) (n+3) (n+5) -a’b?> (n+2) (2n+1) M+n+5) (M+n+6) +b* (M+n+2) (M+n+3) (M+n+5) (M+n+6) +
abm(a’?(n+1) (n+2) -b> (m+n+5) (m+n+6)) Sin[e+fx] -
(#(n+1)(n+2)(4+n)(n+5)+b4(m+n+2)(m+n+4)(m+n+5)(m+n+6)-azw(n+1)(n+2)(m+n+5)(2n+2m+1n)5ﬂﬂe+fxr)dx

Program code:

Int[cos[e_.+f_.*x_]"6%(d_.#«sin[e_.+f_.xx_])"n_«(a_+b_.#sin[e_.+f_.*x_])~m_,x_Symbol] :=
Cos[e+f*x]*(d*sin[e+f*x])A(n+1)*(a+b*Sin[e+f*x])A(m+1)/(a*d*f*(n+1)) -
b*(m+n+2)*Cos[e+f*x]*(d*sin[e+f*x])A(n+2)*(a+b*sin[e+f*x])A(m+1)/(aA2*dA2*f*(n+1)*(n+2)) -
a*(n+5)*Cos[e+f*x]*(d*Sin[e+f*x])A(n+3)*(a+b*Sin[e+f*x])A(m+1)/(bA2*dA3*f*(m+n+5)*(m+n+6)) +
Cos[e+f*x]*(d*sin[e+f*x])A(n+4)*(a+b*Sin[e+f*x])A(m+1)/(b*dA4*f*(m+n+6)) +
1/ (a”2xb*2%xd*2% (N+1) * (N+2) * (M+N+5) * (M+N+6) ) *

Int[(d*Sin[e+f*x])A(n+2)*(a+b*sin[e+f*x])Am*
Simp[aA4*(n+1)*(n+2)*(n+3)*(n+5)—aAz*bAZ*(n+2)*(2*n+1)*(m+n+5)*(m+n+6)+bA4*(m+n+2)*(m+n+3)*(m+n+5)*(m+n+6) +
a*b*m*(aﬂz*(n+1)*(n+2)—bAZ*(m+n+5)*(m+n+6))*Sin[e+f*x] -
(8”4 (N+1) % (N+2) % (4+N) % (N+5) +b % (M+N+2) * (M+N+4) * (M+N+5) % (M+N+6) ~a*2xb 2% (N+1) » (N+2) » (M+N+5) » (2xn+2#m+13) ) +Sin[e+Fxx]|~2,x],x]| /;
FreeQ[{a,b,d,e,f,m,n},x] & NeQ[a"2-b"2,0] && IntegersQ[2xm,2xn] && NeQ[n,-1] & NeQ[n,-2] && NeQ[m+n+5,0] && NeQ[m+n+6,0] && Not[IGtQ[m,0]]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

3: JCos[e+fx]p(dSin[e+-Fx])" (a+bsin[e+fx])"dx whena?-b?#0 A (m|2n|§-) €Z A (M<-1Vm=1Ap>0)

Derivation: Algebraic expansion
Basis: cos[z]2 == 1-Sin[z]?
Rule:If a2 -b% 0@ A (m | 2n | J;—) €eZ AN (M<-1Vvm=1Ap>0),then

jCos[e+fx]p (dsin[e+fx])" (a+bsin[e+fx])"dx — jExpandTr‘ig[(dSin[e+-Fx])" (a+bsin[e+fx])" (1—Sin[e+fx]2)p/2, x] dx

Program code:

Int[cos[e_.+f_.*x_]~p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=
Int[ExpandTrig[ (d+sin[e+fxx])~n« (a+bxsin[e+fxx]) m« (1-sin[e+fxx]"2)~(p/2),x],x] /;
FreeQ[{a,b,d,e,f},x]| && NeQ[a"2-b"2,0] & IntegersQ[m,2«n,p/2] & (LtQ[m,-1] || EqQ[m,-1] & GtQ[p,0@])
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 56

dx whena?-b2#0

(gCos[e+fx])P (dsin[e+Ffx])"
4.J a+bsin[e+ fx]

N J-(gCos[e+fx])"sin[e+fx]"

dx whena’?-b?#@ Anez A (n<@V p+2ez*)
. 2
a+bsin[e+ fx]

Derivation: Algebraic expansion

Rule:if a2 -b2#@ AneZ A (N<@V p+ 3 ez ),then

Sin[e+-Fx]n

J\(gCos[e+-Fx])pSin[e+-Fx]"

dx g Cos[e + fx])P ExpandTrig
a+bsin[e+ fx] _)J( [e+#x]) [

_ x] dx
a+bSin[e+-Fx]

Program code:

Int[(g_.*cos[e_.+f_.«x_])~p_#sin[e_.+f_.«x_]~n_/(a_+b_.+sin[e_.+f_.xx_]),x_Symbol] :=
Int [ExpandTrig[ (gxcos[e+fxx]) p,sin[e+fxx]~n/(a+bxsin[e+f+x]),x],x] /;
FreeQ[{a,b,e,f,g,p},x] && NeQ[a"2-b"2,0] && IntegerQ[n] && (LtQ[n,@] || IGtQ[p+1/2,0])

dx whena?-b2#@ A (2n|2p)e€Z Ap>1

) j(gCos[e+fx])" (dsinf[e+fx])"

a+bSin[e+fx]

C fx])P (dsi £x])"
1.J(g os[e+fx])" (dsinfe+ x]) dx whena?-b2#@ A (2n|2p)€Z Ap>1 An<-1

a+bSin[e+-Fx]

C £x])P (dsi £x])"
1: j(g os[e+ X]) ( 1n[e+ X]) dx whena?-b?>#@ A (2n|2p)€Z Ap>1 Ans-2

a+bsin[e+fx]
Derivation: Algebraic expansion

BaSIS- Cos[z]> __ 1 _ bSinfz] _ (a2-b?) sin[z]?

a+bSin[z] a a? a? (a+bSin[z])

Rule:1f a2 -b2+@ A (2n|2p) €Z A p>1 A n<-2then



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

dx —

J«(gCos[e+-Fx])'° (dsinf[e+fx])"

a+bSin[e+-Fx]

g? (a% - b?) -J-(gCos[ewa])"'2 (dsin[e+-Fx])"+2 .

ga—z~J‘(gCos[e+-Fx])p'2 (dsin[e+fx])"dx- EJ‘(gCos[ewa])p ? (dsin[e+fx])""ax- oy

a’d a+bsin[e+fx]

Program code:

Int[(g_.#cos[e_.+Ff_.xx_]) p_*(d_.+sin[e_.+f_.+x_])~n_/(a_+b_.+sin[e_.+f_.xx_]),x_Symbol] :=

g~2/axInt[ (gxCos[e+fxx])~ (p-2) » (d*Sin[e+Ffxx])~n,x] -

bxg"2/ (a”2xd) +Int [ (gxCos [e+fxx])~ (p-2) * (dxSin[e+fxx])~ (n+1),x] -

g"2x (a”2-b”2) / (a”2xd”*2) xInt [ (g*Cos [e+f*x] )" (p-2) * (d*Sin [e+f*x] ) A (n+2)/(a+b*sin [e+'F*x] ) ,x] /8
FreeQ[{a,b,d,e,f,g},x] && NeQ[a"2-b"2,0] && IntegersQ[2#n,2+p] & GtQ[p,1] && (LeQ[n,-2] || EqQ[n,-3/2] && EqQ[p,3/2])

). J-gCos[e+-Fx) (dsin[e+fx])"

dx whena?-b2#0 A (2n|2p)€Z Ap>1An<-1
a+bsinfe+fx]

Derivation: Algebraic expansion

Basis: {gCosiz)® (dsin[z])" __ g2 (gCos[z])** (dSin[z])" (b-aSin[z]) g? (a?-b?) (gCos[z])P-2 (dSin[z])™*
: a+bSin[z] ab abd (a+bSin[z])

Rule:1f a2 -b%2+#@ A (2n|2p) €Z A p>1 A n<-1,then

J\(gCos[e+-Fx])P (dsin[e+fx])"

a+bSin[e+-Fx]

g—;J-(gCos[e+-Fx])"'2 (dSin[e+-Fx])"(b—aSin[e+-Fx])d1x+g (:b'db)J(gCOS[e+fx]) 2 (dsin[e+fx])"™

dx —

dx
a+bSin[e+-Fx]

Program code:

Int[(g_.#cos[e_.+f_.xx_])~p_»(d_.#sin[e_.+Ff_.xx_])~n_/(a_+b_.*sin[e_.+f_.xx_]),x_Symbol] :=
g”2/ (axb) xInt [ (g*COS [e+f*x] )" (p-2) * (d*Sin [e+f*x] ) nx (b-a*Sin [e+f*x] ) ,x] +
g°2x (a2-b"2) / (axbxd) »Int [ (gxCos[e+Ffxx] )~ (p-2) » (d+Sin[e+Ffxx] )~ (n+1) / (a+bsSin[e+f+x]),x] /;
FreeQ[{a,b,d,e,f,g},x] && NeQ[a~2-b"2,0] && IntegersQ[2xn,2xp] & GtQ[p,1] && (LtQ[n,-1] || EqQ[p,3/2] && EqQ[n,-1/2])
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

. J«(gCos[e+-Fx])p (dsin[e+fx])"

dx whena?-b2#@ A (2n|2p) €Z A p>1
a+bsin[e+ fx]

Derivation: Algebraic expansion

Basis: {&Cosizl)? __ g (gCos[z])P? (a-bsSin[z]) _ g2 (a?-b?) (gCos[z])P?
* asbsin[z] b2 b2 (a+bSin[z])

Rule:1f a2 -b%2+@ A (2n|2p) €Z A p > 1,then

J-(gCos[en‘x])p (dsinf[e+fx])"
a+bsin[e+ fx]

E [ (gcos[e+#x))"" (asinfex])" (a-bsinfes £x]) ax- ) T (gcos[e:Xb]ii;[ﬁii:][“”])

dx —

- dx
b2

Program code:

Int[(g_.+cos[e_.+Ff_.xx_])~p_»(d_.+sin[e_.+Ff_.+x_])~n_/(a_+b_.+sin[e_.+f_.+x_]),x_Symbol] :=
g"2/b"2xInt[ (gxCos[e+fxx])~ (p-2) » (dxSin[e+fxx] ) nx (a-bxSin[e+Ff+x]),x] -
g°2x (a"2-b"2) /b"2xInt [ (g+Cos[e+Ffxx] )" (p-2) » (d+Sin[e+Ffxx])~n/(a+bxSin[e+fxx]),x] /;
FreeQ[{a,b,d,e,f,g},x] && NeQ[a"2-b"2,0] && IntegersQ[2#n,2+p] & GtQ[p,1]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

. J«(gCos[e+-Fx])p (dsin[e+fx])"

dx whena?-b2#@ A (2n|2p) €Z A p>1
a+bsin[e+fx]

Derivation: Algebraic expansion

Y : . -2 B 2 (gCos[z])P? (dSin[z])"2
Basis: (gCos[z])P (dsin[z])" = g? (gCos[z])P* (dSin[z])" - E{(&ceslz p niz

Rule:1f a2 -b%2+@ A (2n|2p) €Z A p > 1,then

J-(gCos[e+-Fx])p (dSin[e+-Fx])"d1x B gZJ(gCos[erFx])p'2 (dSin[e+-Fx])"dlx_éj-(gCos[erFx])p'2 (dSin[e+-Fx])n+2 ax

a+bSin[e+fx] a+bSin[e+-Fx] d? a+bSin[e+fx]

Program code:

(» Int[(g_.*cos[e_.+f_.#x_])"p_x(d_.+sin[e_.+f_.#x_])~n_/(a_+b_.#sin[e_.+f_.xx_]),x_Symbol] :=
g 2+Int [ (gxCos[e+fxx])~ (p-2) « (d«Sin[e+fxx])~n/(a+bxSin[e+fxx]),x] -
g"2/d"2+Int[ (g*Cos [e+fxx])” (p-2) x (dxSin[e+fxx]) " (n+2) /(a+bxSin[e+fxx]),x] /;
FreeQ[{a,b,d,e,f,g},x] && NeQ[a~2-b"2,0] && IntegersQ[2xn,2xp] && GtQ[p,1] =)

C fx])P (dsi fx])"
3-J(g os[e+fx])" (dsin[e +fx]) dx whena?-b>#@ A (2n|2p) ez A p<-1

a+bSin[e+-Fx]

C fx])P (dsi fx])"
1:J.(g os[e+x])” (dsinfe+ fx]) dx whena?-b2#@ A (2n|2p)€Z Ap<-1An>1

a+bSin[e+-Fx]

Derivation: Algebraic expansion

BaSiS' Sin[z]%? _ a__ bsin[z] _ a’Cos[z]?
* a+bsin[z] a2-b? a2-p? (a2-b?) (a+bsin[z])

Rule:if a2 -b2+@ A (2n|2p) €Z A p<-1 A n>1 then

dx —

J«(gCos[e+-Fx])'° (dsinf[e+fx])"

a+bSin[e+-Fx]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

ad?

a? - b?

bd

a% - b?

a2 g2 J~(gCos[e+1°x])p*2 (dsin[e+fx])"?
dx

J(gCos[ewa])p(dSin[e+-Fx])"'2d1x— g2 (a? - b?)

j(gCos[erFx])" (dSin[e+-Fx])"‘1dlx— a+bSin[e+'FX]

Program code:

Int[(g_.#cos[e_.+f_.xx_])~p_*(d_.+sin[e_.+f_.+x_])~n_/(a_+b_.*sin[e_.+f_.xx_]),x_Symbol] :=
axd~2/ (a~2-b"2) +»Int[ (g*Cos [e+fxx]) ~px (dxSin[e+fxx] )" (n-2),x] -
bxd/ (a*2-b*2) »Int [ (gxCos [e+fxx] ) ~px (dxSin[e+fxx] )~ (n-1),x] -
ar2xd"2/ (g"2x (a"2-b"2) ) xInt [ (gxCos [e+fxx]) " (p+2) » (dxSin[e+Fxx] )~ (n—2)/(a+b*sin [e+fxx]),x] /3
FreeQ[{a,b,d,e,f,g},x] && NeQ[a"2-b"2,0] && IntegersQ[2#n,2+p] & LtQ[p,-1] & GtQ[n,1]

C fx])P (dsi fx])"
Z:J.(g os[e+x])” (dsinfe+ fx]) dx whena?-b2#@ A (2n|2p)€Z Ap<-1An>0

a+bSin[e+-Fx]

Derivation: Algebraic expansion

Basis- (gCos[z])P (dSin[z])" __ d(gCos[z])P (dSin[z])"? (b-aSin[z]) abd (gCos[z])P*2 (dSin[z])"?
. = - +
a+bSin[z] a?-b? g? (a>-b?) (a+bsin[z])

Rule:If a2-b%2+@ A (2n|2p) €Z A p<-1A n>0,then

dx —

J«(gCos[e+-Fx])"’ (dsinf[e+fx])"

a+bSin[e+-Fx]

abd J(gCos[e+fx])p+2 (dSin[e+-Fx])"'1dlx

d p . n-1 .
- J(gCos[erFx]) (dsin[e+ fx]) (b—aSln[e+-Fx])dlx+gz @ o)

a2 - b? a+bsSin[e+fx]

Program code:

Int[(g_.#cos[e_.+Ff_.xx_])~p_*(d_.+sin[e_.+Ff_.+x_])~n_/(a_+b_.+sin[e_.+f_.+x_]),x_Symbol] :=
-d/ (a*2-b"2) xInt[ (gxCos [e+fxx]) "px (dxSin[e+fxx])~(n-1) » (b-axSin[e+Ffxx]),x] +
axbxd/ (g"2+ (a*2-b*2)) »Int [ (gxCos [e+fxx] )" (p+2) * (d+Sin[e+fxx]) "(n—1)/(a+b*Sin [e+fxx]),x] /;
FreeQ[{a,b,d,e,f,g},x] && NeQ[a"2-b"2,0] && IntegersQ[2+n,2+p] & LtQ[p,-1] & GtQ[n,0]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

C £x])P (dsi £x])"
3:J‘(g os[e+fx])" (dsinfe+ £x]) dx whena?-b2#@ A (2n|2p) €Z A p<-1

a+bSin[e+-Fx]

Derivation: Algebraic expansion

BaSiS' (gCos[z])P __ g2 (gCos[z])P (a-bSin[z]) _ b? (gCos[z])P*?
* asbsin[z] g? (a2-b?) g? (a®-b?) (a+bsin[z])

Rule:1f a2 -b2+@ A (2n|2p) €Z A p < -1,then

J.(gCos[e+1:x])" (dsin[e +fx])" i

a+bSin[e+-Fx]

b2 J~(gCos[e+1=x])'°"2 (dSin[e+-Fx])"dlx

J(gCos[e+fx])p (dsin[e+fx])" (a-bsin[e+Fx]) dx- )

a?-b? a+bSin[e+fx]

Program code:

Int[(g_.*cos[e_.+f_.«x_]) p_*(d_.*sin[e_.+f_.«x_])~n_/(a_+b_.+sin[e_.+Ff_.xx_]),x_Symbol] :=
1/ (a*2-b"2) +Int [ (g+Cos[e+fxx])~p* (d«Sin[e+fxx])~n« (a-bxSin[e+fxx]),x]| -
b2/ (g"2x (a"2-b"2) ) »Int[ (g*Cos[e+Fxx])~ (p+2) » (dxSin[e+fxx]) "n/(a+b*sin [e+fxx]),x] /;
FreeQ[{a,b,d,e,f,g},x] && NeQ[a"2-b"2,0] && IntegersQ[2#n,2+p] & LtQ[p,-1]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

dx whena?-b2#@ A (2n|2p) €Z A -1<p<1

(gCos[e+fx])P (dsin[e+ fx])"
4.J a+bsin[e+ fx]

\Jdsin[e+fx] (a+bsin[e+fx])
\sin[e+fx] (a+bsin[e+fx])

dx when a? -b%#0

dx whena?-b%2#0

Derivation: Integration by substitution

Basis: V g Cosle+f x] . _av2g SUbSt[ x? X, VgCosle+fx] ] By VgCosle+fx]
\/sin[e+fx] (a+bSin[e+fx]) f ((avb) g+ (a-b) %) L V1+Sin[e+f x] V1+Sin[e+f x]
A/ o

Rule: If a2 - b% # 0, then

x2 \/ gCos[e+ fx] ]

dx — - Subst[ dx, X,

J \/ g Cos[e + fx] a2 g
\/Sin[e+fx] (a+bsin[e+fx]) f ((a+b) g2+ (a-b) x¥) '1_ﬁ '\/1+Sin[e+fx]

2

g

Program code:

Int[Sqrt[g_.xcos[e_.+f_.+«x_]]/(Sart[sin[e_.+f_.xx_]]*(a_+b_.+sin[e_.+f_.+x_])),x_Symbol] :=
-4xSqrt[2] »g/fxSubst [Int[x"2/ (((a+b) #g"2+ (a-b) xx"4) xSqrt[1-x"4/g"2]) ,X] ,X,Sqrt [gxCos [e+fxx] ]/Sqr't [1+Sin[e+fxx]]] /;
FreeQ[{a,b,e,f,g},x]| & NeQ[a~2-b"2,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

. ’\/gCos[e+fx]
ydsin[e+fx] (a+bsSin[e+fx])

dx whena?-b2#0

Derivation: Piecewise constant extraction

Basis: o, sinlerfxl_ __ g
VdSin[e+f x]

Rule: If a2 - b% # 9, then

\/ gCos[e+ fx] B +/ Sin[e + fx] \/ gCos[e+ fx]

dx

\dsin[e+fx] (a+bsin[e+fx]) \dsin[e+fx] J +/sin[e+fx] (a+bsSin[e+Fx])

dx

Program code:

Int[Sqrt[g_.xcos[e_.+f_.+x_]]/(Sart[d_ssin[e_.+f_.xx_]](a_+b_.+sin[e_.+f_.xx_])),x_Symbol] :=
Sqrt[sin[e+fxx]]/Sqrt[d+Sin[e+f+x] ] +Int[Sqrt[g«Cos[e+f+x]]/(Sqrt[Sin[e+fxx]] (a+bxSin[e+fsx])),x] /;
FreeQ[{a,b,d,e,f,g},x] && NeQ[a*2-b"2,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

\gcos[e+Fx] (a+bsin[e+Fx])
\cos[e+fx] (a+bsin[e+fx])

dx whena?-b2#0

dx whena?-b%2#0

Derivation: Integration by substitution and algebraic expansion

Basis: VdSinfe+fx] - 42 d Subst[ x2 )X, VdSin[e+fx] ] 3y VdSin[e+fx]
VCos[e+fx] (a+bSin[e+fx]) f 22bdx?eaxt L V1+Cos[e+f x] V1+Cos[e+f x]
(a + X“+a X ) ry
M 2
Basis: Let q » v-a?+b? , then x b+g - b-q

ad?+2bdx?+ax* 2q (d (b+q) +ax?) 2q (d (b-q) +ax?)
Rule: If a2 - b% + 0, letq-v-a2+b2, then

'\/dSin[e+fx] A2 d x2 '\/dSin[e+fx]
dx — Subst[ dx, X, ]
\[cos[e+Fx] (a+bsin[e+Fx]) f (ad%+ 20dxtraxt) 1% \[1+cos[e+Fx]

d2

2V2 d (b+q) 1 A/ dSin[e + fx]

2vV2 d (b-
— —Subst[ dx, X, ] - ( q)

fq \/— P
(d(b+q)+ax2)‘,1_ﬁ 1+COS[e+-Fx]

dZ

Subst[ dx, X,

1
(d (b-q) +ax?) 1-2—:

Program code:

Int[Sqrt[d_.sin[e_.+f_.+x_]]/(Sart[cos[e_.+f_.xx_]]*(a_+b_.+sin[e_.+f_.+x_])),x_Symbol] :=
With[{q=Rt[-a"2+b"2,2]},
2+Sqrt[2] +dx (b+q) /(f*q) *Subst[Int[1/ ((dx (b+q) +a*x"2) xSqrt[1-x"4/d"2]),X],X,Sqrt[d«Sin[e+fxx]]/Sqrt[1+Cos[e+f+x]]] -
2+Sqrt [2] +dx (b-q) /(f*q) *Subst [Int [1/ ((dx (b-q) +a*x"2) xSqrt [1-x*4/d"2]) ,X],X,Sqrt [d+Sin[e+f+x]]/Sqrt[1+Cos[e+Ff+x]]]] /;
FreeQ[{a,b,d,e,f},x] & NeQ[a"2-b"2,0]

\ dsin[e+ fx] ]

'\/1+Cos[e+fx]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

. ’\/dsin[e+fx]
\gCos[e+fx] (a+bsin[e+fx])

dx whena?-b2#0

Derivation: Piecewise constant extraction

Basis: o, YCoslexfxi g
vV g Cos[e+f x]

Rule: If a2 - b% # 9, then

y/dsin[e + fx] B +/ Cos [e + f x] q/dsin[e+ fx]

dx

\/gCos[e+fx] (a+bsin[e+fx]) \/chS[e+fx] '\/COS[e+fX] (a+bsin[e+fx])

dx

Program code:

Int[Sqrt[d_.sin[e_.+f_.+x_]]/(Sart[g_.+cos[e_.+f_.xx_]]*(a_+b_.+sin[e_.+f_.+x_])),x_Symbol] :=
Sqrt[Cos[e+fxx]]/Sqrt[g«Cos[e+f+x] ]| +Int[Sqrt[d+Sin[e+f+x]]/(Sqrt[Cos[e+fxx]] (a+bxSin[e+fsx])),x] /;
FreeQ[{a,b,d,e,f,g},x] && NeQ[a*2-b"2,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

N J«(gCos[e+-Fx])p (dsin[e+fx])"

dx whena?-b2#@ A (2n|2p) €Z A -1<p<1 An>0
a+bsin[e+ fx]

Derivation: Algebraic expansion

Basis: W€=2" __ d@d=z)" addz)"?
a+bz b b (a+b z)

Rule:if a2 -b%2+@ A (2n|2p) €Z A -1<p<1 A n>0,then

(gCos[e+fx])? (dsin[e+Ffx])" d . ) o ad (gCos[e+1:x])p(dSin[e+-Fx])"'1
J a+bsin[e+fx] e EJ(gCos[erFx]) (dsinfe £x])™ ax- b J a+bsin[e+ fx]

Program code:

Int[(g_.+cos[e_.+Ff_.xx_])~p_»(d_.+sin[e_.+Ff_.+x_])~n_/(a_+b_.+sin[e_.+f_.+x_]),x_Symbol] :=
d/b+Int [ (g+Cos[e+fxx])"p* (d+Sin[e+fxx])~(n-1),x] -
axd/bxInt [ (g*Cos [e+'F*x] ) Apx (d*Sin [e+f*x] )" (n—1)/(a+b*5in [e+f*x] ) ,x] /3
FreeQ[{a,b,d,e,f,g},x] && NeQ[a"2-b"2,0] && IntegersQ[2#n,2+p] & LtQ[-1,p,1] & GtQ[n,0]

dx
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

" J«(gCos[e+-Fx])p (dsin[e+fx])"

dx whena?-b2#@ A (2n|2p)€Z A -1<p<1 A n<0
a+bsin[e+ fx]

Derivation: Algebraic expansion

BaSiS' (dz)" __ (dz)" bz

a+bz a ad (a+bz)

Rule:if a2 -b%2+@ A (2n|2p) €Z A -1<p<1 A n<0,then

J~(gCos[e+-Fx])'[J (dsin[e+ fx])"

LJ‘(gCos[e»ffx])p (dsinfe + £x])™
a+bSin[e+fx]

1
dx — — | (gCos[e+fx])P (dSin[e+fx])"dx-
aj( [ D [ ) ad a+bsin[e+fx]

dx

Program code:

Int[(g_.+cos[e_.+Ff_.xx_])~p_»(d_.+sin[e_.+Ff_.+x_])~n_/(a_+b_.+sin[e_.+f_.+x_]),x_Symbol] :=
1/a*Int[ (gxCos[e+fxx]) px (dxSin[e+fxx]) n,x] -
b/ (axd) xInt [ (g*Cos [e+f*x] ) Apx (d*Sin [e+'F*x] ) 2 (n+1)/(a+b*sin [e+'F*x] ) ,x] /3
FreeQ[{a,b,d,e,f,g},x] && NeQ[a"2-b"2,0] && IntegersQ[2#n,2+p] & LtQ[-1,p,1] & LtQ[n,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

5. J(gCos[e+fX])p (dsin[e+fx])" (a+bsSin[e+fx])"dx whena’?-b?> @ Amez A (m>0 V nez)

1: J(gCos[erFx])p (dSin[e+-Fx])n (a+bSin[e+-Fx])2d1x when a% - b%2 # 0

Derivation: Algebraic expansion
Rule: If a2 - b% + 0, then

j(gCos[e+fx])p (dsinfe+fx])" (a+bSin[e+-Fx])2dlx —
2ab

TJ(gCos[en‘x])” (dSin[e+fx])"*1d1x+j(gCos[e+fx])" (dsin[e+fx])" (a>+b?sin[e+ fx]?) dx

Program code:

Int[(g_.*cos[e_.+Ff_.xx_])~p_*(d_.#sin[e_.+Ff_.xx_])~n_x(a_+b_.xsin[e_.+f_.»x_])~2,x_Symbol] :=
2xaxb/dxInt [ (g*Cos [e+'F*x] ) “p* (d*Sin [e+f*x] ) A (n+1) ,X] +
Int[ (g»Cos[e+fxx]|) px (dxSin[e+fxx])~nx (ar2+b"24Sin[e+f+x]"2),x] /;

FreeQ[{a,b,d,e,f,g,n,p},x] & NeQ[a*2-b"2,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: J(gCos[erFx])p(dSin[e+fx])" (a+bsin[e+fx])"dx whena’-b’#@0 AmezZ A (M>0@ V nez)

Derivation: Algebraic expansion

Rule:lf a2-b2+@ AmezZ A (m>0 V neZ),then

J(gCos[erFx])p (dsin[e+fx])" (a+bsin[e+fx])"dx — J(gCos[e+fx])"ExpandTr'ig[(dSin[e+-Fx])" (a+bsin[e+fx])", x] ax

Program code:

Int[(g_.xcos[e_.+f_.xx_])"p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol]| :=
Int[ExpandTrig[ (g+cos[e+fxx])~p, (dxsin[e+fxx]) nx (a+bxsin[e+fxx]) m,x],x] /;
FreeQ[{a,b,d,e,f,g,n,p},x] & NeQ[a*2-b"2,0] && IntegerQ[m] & (GtQ[m,0] || IntegerQ[n])
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 70

6: J(gCos[e+fX])p(dSin[e+fx])" (a+bsin[e+fx])"dx whena?-b?>#@ A (m|2n|2p) €Z AM<@ Ap>1 Ans-2

Derivation: Algebraic expansion

Tcs i : s 2_p2) si 2
BaS|S. COS[Z]Z - a+bSin[z] _ bSin[z] (a2+b51n[z]) _ (a )zln[Z]
a a a

Rule:If a2 -b2#@ A (m|2n|2p) €eZ Am<® Ap>1An=<-2then

J(gCos[e+fx])p (dsin[e+fx])" (a+bsin[e+fx])"dx —

ga_zj(gCOS[erFx])"‘2 (dSin[e+fx])" (a+bSin[e+-Fx])m+1dlx_

b 2
Z_gdj(gCOS[e+fX])p'2 (dSin[e+-Fx])"*1 (a+bSin[e+fx])'"*1d1x_
a

%J(gCos[erFx])p'2 (dSin[e+-Fx])"+2 (a+bsin[e+fx])"dx

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(d_.*sin[e_.+f_.»x_])"n_x(a_+b_.+sin[e_.+f_.xx_])~m_,x_Symbol] :=
g*2/axInt[ (gxCos[e+fxx]) " (p-2) » (dxSin[e+Ffxx]) nx (a+bxSin[e+Ffxx])~ (m+1),x] -
bxg~2/ (a”2xd) xInt [ (g*Cos [e+'F*x] )"(p—2) * (d*Sin [e+f*x] ) A(n+l) * (a+b*Sin [e+'F*x] )"(m+1) ,x] -
g°2x (a"2-b"2) / (a"2#d"2) xInt[ (gxCos[e+fxx])~ (p-2) » (dxSin[e+Ffxx] )~ (n+2) » (a+bxSin[e+fxx] ) m,x] /;
FreeQ[{a,b,d,e,f,g},x] && NeQ[a~2-b"2,0] && IntegersQ[m,2xn,2xp] && LtQ[m,0] & GtQ[p,1] && (LeQ[n,-2] || EqQ[m,-1] && EqQ[n,-3/2] && EqQ[p,3/



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

8. j(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whena®-b*=0

1: [Cos[e+fx]® (a+bsSin[e+fx])" (c+dSin[e+fx])"dx whena?-b’>=0 AmeZ A 2m+p=0

Derivation: Algebraic simplification

a2m

Basis: If a2 -b?==@ AmeZ A 2m+p = 0,then cos[z1” (a+bsin[z])" =

(a-bSin[z])"
Rule:If a2-b2=0 AmeZ A 2m+p = 0,then

JCos[e+-Fx]” (a+bsin[e+fx])" (c+dsin[e+fx])"dx — azij:i:zi:{::;:};m dx

Program code:

Int[cos[e_.+f_.*x_]"p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
a® (2#m) xInt[ (c+d«Sin[e+fx] )"n/(a—b*sin [e+fxx])"m,x] /3
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[a"2-b"2,0] && IntegersQ[m,p] && EqQ[2xm+p,0]

2: J(gCos[erFx])" (a+bsin[e+fx])" (c+dsin[e+fx])"dx whena’?-b?=0 AmezZ A (2m+p=0 V 2m+p>0 A p<-1)

Derivation: Algebraic expansion

Basis: If @2 - b% == @, then a+bsin[z] -- 2(&CesizD)®.
g’ (a-bSin[z])

Note: By making the degree of the cosine factor in the integrand nonnegative, this rule removes the removable
singularities from the integrand and hence from the resulting antiderivatives.

Rule:lf a2-b2=0 AmeZ A (2m+p=0V 2m+p>0 A p< -1),then
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

a2m J«(gCos[e+-Fx])2"'”’ (c+dSin[e+fx])"
—_— dx
2m

J(gcos[e+fx])p (a+bSin[e+-Fx])'“ (c+dSin[e+-Fx])"d1x — . (a-bSin[e+fX])m

Program code:

Int[(g_.»cos[e_.+f_.xx_])"p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.»x_])~n_,x_Symbol]| :=
(a/g) ~ (2+m) xInt[ (g+Cos[e+fxx]) " (2xm+p) » (c+dxSin[e+fxx])*n/(a-bxSin[e+Ff+x]) m,x] /;
FreeQ[{a,b,c,d,e,f,g,n},x] && EqQ[a~2-b"2,0] && IntegerQ[m] & (EqQ[2#m+p,0] || GtQ[2+m+p,0] 8&& LtQ[p,-1])

3. JCos[e+fx]p (a+bSin[e+-Fx])"I (c+dSin[e+-Fx])"d1x when a2 -b2==0 A 'z’-ez

1: JCos[e+fx]z (a+bsin[e+fx])" (c+dsin[e+fx])"dx whena®?-b?=0 A (2m|2n) ez

Derivation: Algebraic simplification

Basis: If a2 - b2 == @, then Cos [z]? == bl—z (a+bSin[z]) (a-bSin[z])

Rule:If a2 -b%2==0 A (2m | 2n) € Z,then

jCos[e+fx]2 (a+bsin[e+fx])" (c+dsin[e+fx])"dx — :jj(a+bsin[e+fx])m+1 (c+dsin[e+fx])" (a-bsin[e+fx]) dx

Program code:

Int[cos[e_.+f_.*x_]"2«(a_+b_.#sin[e_.+f_.xx_])"m_«(c_+d_.#sin[e_.+f_.*x_])~n_,x_Symbol] :=
1/b~2+Int[ (a+bxSin[e+fxx])~ (m+1) » (c+d«Sin[e+fxx]) nx (a-bxSin[e+fxx]),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[a~2-b"2,0] && IntegersQ[2m,2xn]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: Cos[e+-Fx]p (a+bSin[e+-Fx])"' (c+dSin[e+-Fx])"d1x when a2 -b%:==0 A 'zzez AMmez

Derivation: Algebraic expansion, piecewise constant extraction and integration by substitution

Basis: If a* - b> == @ A 2 e Z,thenCos[z]P =a™P (a+bSin[z])P/? (a-bSin[z])P"?

Basis: & Cos [e+f x] _
X v 1+Sin[e+fx] v/1-Sin[e+fx]

Basis: Cos [e + f x] == %GXSin[emcx]
Rule:If a2 -b%? ==0 A P ez Amez,then

JCos[e+fx]p (a+bSin[e+fx])'" (c+dSin[e+fx])"d1x —

a“’J\(a+bSin[e+-Fx])""""’/2 (a—bSin[e+-Fx])'°/2 (c+dSin[e+-Fx])"dlx —

a"Cos e+ fx| b me 2L b e )
Cos[e + £ x] (1+—Sin[e+fx]] [1——Sin[e+-Fx]) (c+dsin[esfx])"ax —
\/1+Sin[e+fx] \/1—Sin[e+fx] a a
mc f o 2
2 os[e+ X] Subst[j(1+2x]m : (1—Ex] * (c+dx)"dx, X, Sin[e+fx]]
a a

fyf1+sin[e+Fx] \/1-sin[e+Fx]

Program code:

Int[cos[e_.+f_.*x_]"p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
arm«Cos [e+fxx]/(F+Sqrt[1+Sin[e+Ffxx] ] +Sqrt[1-Sin[e+fxx]])*
Subst [Int[ (1+b/axx)”(m+(p-1)/2) (1-b/axx)~((p-1) /2) * (c+d#Xx)"n,x],Xx,Sin[e+fx]] /;
FreeQ[{a,b,c,d,e,f,n},x] & EqQ[a"2-b"2,0] && IntegerQ[p/2] && IntegerQ[m]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

3: Cos[e+1“x]p (a+bsin[e+fx])'" (c+dsin[e+fx])"d1x when a2 -b2:=20 A Eez AmgzZ

Derivation: Algebraic expansion, piecewise constant extraction and integration by substitution

Basis: If a* - b> == @ A 2 e Z,thenCos[z]P =a™P (a+bSin[z])P/? (a-bSin[z])P"?

Basis: If a? - b% == @, then oy Cos [e+f x] -
vJa+bSin[e+fx] +/a-bSin[e+fx]

Basis: Cos [e + f x] == %GXSin[emcx]
Rule:If a2 -b%? ==0 A P ez Amgz,then

JCos[e+fx]p (a+bSin[e+fx])'" (c+dSin[e+fx])"d1x —

a“’J\(a+bSin[e+-Fx])""""’/2 (a—bSin[e+-Fx])'°/2 (c+dSin[e+-Fx])"dlx —

Cos[e+fx]

JCos[e+fx] (a+bsin[e+fx])™iF (a-bSin[e+fx])TT (c+dSin[e+Fx])"dx —
ap‘Z\/a+bSin[e+fx] \/a—bSin[e+-Fx]

Cos[e+fx]

p 1 p 1
Subst[J(a+bx)m+?'? (a-bx)7"7 (c+dx)"dx, X, Sin[e+fx]]

ap—Zf\/a+bSin[e+-Fx] \/a—bsin[e+fx]

Program code:

Int[cos[e_.+f_.*x_]"p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.xx_])~n_,x_Symbol] :=
Cos [e+fxx]/(a (p-2) »fxSqrt [a+bxSin[e+fxx] ] +Sqrt[a-bsSin[e+fsx]])
Subst [Int[ (a+bxx) " (m+p/2-1/2) x (a-bxx) ~ (p/2-1/2) * (c+d*X) *n,x],X,Sin[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[a~2-b"2,0] && IntegerQ[p/2] & Not[IntegerQ[m]]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

4: J(gCos[e+fX])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whena®-b*=0 A mez*

Derivation: Algebraic expansion
Rule:If a2 - b%?==0 A me z*,then

J(gCos[erFx])" (a+bsinfe+fx])" (c+dsin[e+fx])"dx — J\(g(:os[e+Fx])"ExpandTr‘ig[(a+bSin[e+1‘x])"1 (c+dsin[e+fx])", x] ax

Program code:
Int[(g_.»cos[e_.+f_.xx_])"p_(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.+sin[e_.+f_.»x_])~n_,x_Symbol]| :=

Int[ExpandTrig[ (g+cos[e+fxx])~p, (a+bxsin[e+fxx]) m« (c+dxsin[e+fxx])~n,x],x] /;
FreeQ[{a,b,c,d,e,f,g,n,p},x] & EqQ[a"2-b"2,0] && IGtQ[m,0] & (IntegerQ[p] || IGtQ[n,0])

5. j(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx when a*-b? == 0

1: J(gCos[erFx])P (a+bsin[e+fx])" (c+dsin[e+fx])"dx when a®-b?==0 A mez

Derivation: Piecewise constant extraction and integration by substitution

Basis: Oy

[
2

(gCos[e+fx])P?
(1+Sin[e+f x]) o (1-Sin[e+f x])

Basis: Cos [e + f X] == % OxSin[e + f x]

Rule: If a2 -b%?==0 A me Z,then

J\(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

p-1

m C £x])P? N LS
2 g(g os[e+ X]) JCos[e+fx] (1+Esin[e+-Fx]Jm : (1—Esin[e+fx]] : (c+dSin[e+fx])"d1x —
a a

p-1

(1+Sin[e+fx])7 (1-sin[e+fx])T

a"g (gCos[e+-Fx])'°'1 —

b \m% b \F
- Subst[J[1+ —x) (1— —x) (c+dx)"dx, X, Sin[e+fx]]
)™ °

£ (1+sin[e+fx])T (1-sin[e+fx] a

Program code:

Int[(g_.#cos[e_.+Ff_.xx_]) p_*(a_+b_.xsin[e_.+f_.»x_]) m_«(c_+d_.xsin[e_.+f_.»x_])~n_,x_Symbol] :=
armxgx (g+Cos [e+fxx] )~ (p-1) / (F* (1+Sin[e+Fxx] )~ ((p-1) /2) » (1-Sin[e+Ffxx]) " ((p-1)/2))
Subst [Int[ (1+b/axx)”(m+(p-1)/2)*(1-b/axx)((p-1) /2)* (c+d#x)"n,x],x,Sin[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,n,p},x] & EqQ[a*2-b"2,0] && IntegerQ[m]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n 77

2: J-(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx when a*-b*=0 A m¢z

Derivation: Piecewise constant extraction and integration by substitution

Basis: If a% - b2 == 9, then Oy Cos [e+f x] -
\Ja+bSin[e+f x] +/a-bSin[e+fx]

Basis: Cos [e + f x] == %OXSin[eﬂcx]
Rule: If a2 - b% == 0 A m ¢ Z, then

J(gcos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

g (gCos[e+-Fx])p'1

p-1

( [ ey [ e JCos[e+fx] (a+bsin[e+fx])™% (a-bsin[es+Fx])T (c+dsin[e+Fx])"dx —
a+bSin|le+fx|)2 (a-bSin|e+fx|)72

g (gCos[e+-Fx])p'1

— - Subst[J\(a+bx)'“+¥ (a—bx)g (c+dx)"dx, x, Sin[e+fx]]
f (a+bSin[e+-Fx])z_ (a—bSin[e+fx])z_

Program code:

Int[(g_.#cos[e_.+Ff_.xx_]) p_*(a_+b_.xsin[e_.+f_.»x_]) m_#(c_+d_.xsin[e_.+f_.»x_])~n_,x_Symbol] :=
g* (g*Cos [e+'F*x] )" (p-l)/(f* (a+b*Sin [e+f*x] ) A((p-1)/2) * (a-b*Sin [e+f*x] ) A((p-1)/2) ) *
Subst [Int[ (a+bxx) " (m+ (p-1)/2)  (a-bxx) " ((p-1) /2) » (c+d*X) *n,x],X,Sin[e+fxx]] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x] && EqQ[a~2-b"2,8] & Not[IntegerQ[m]]



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

9. j(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whena®-b*+0
1. J(gCos[erFx])p(a+bSin[e+fx])"'(c+d5in[e+fx])"d1x whena?-b%2#0 A s-ez"

1: Cos[e+-Fx]2 (a+bsin[e+fx])" (c+dsin[e+fx])"dx whena® - b%#0

Derivation: Algebraic expansion
Basis: cos[z]2 = 1 - Sin[z]?
Rule: If a2 - b% # 9, then

jCos[e+fx]2 (a+bsin[e+fx])" (c+dsin[e+fx])"dx — f(a+bsin[e+fx])m (c+dsinfe+fx])" (1—Sin[e+-Fx]2) dx

Program code:

Int[cos[e_.+f_.*x_]"2% (a_+b_.#sin[e_.+f_.xx_] ) m_. (c_+d_.xsin[e_.+f_.*x_])~n_,x_Symbol] :=
Int[ (a+bxSin[e+fxx]) mx (c+d«Sin[e+fxx]) nx (1-Sin[e+fxx]~2),x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & NeQ[a~2-b"2,0] && (IGtQ[m,@] || IntegersQ[2+m,2«n])

78



Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

2: Cos[e+-Fx]p (a+bSin[e+-Fx])"' (c+dSin[e+-Fx])"dlx whena?-b2#0 A Eez*

Derivation: Algebraic expansion
Basis: cos[z]2 == 1 -sin[z]?
Rule:If a2 -b%? +0 A P ez, then

JCos[e+fx]p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

fExpandTr‘ig[(a+bSin[e+-Fx])"' (c+dsin[e+fx])" (1—Sin[e+fx]2)p/2, x] dx

Program code:

Int[cos[e_.+f_.*x_]~p_x(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_+d_.xsin[e_.+Ff_.#x_])~n_,x_Symbol] :=
Int [ExpandTrig[ (a+bxsin[e+fxx]) mx (c+dxsin[e+fxx])~n« (1-sin[e+fxx]"2)"(p/2),x],x] /;
FreeQ[{a,b,c,d,e,f,m,n},x] & NeQ[a~2-b"2,0] && IGtQ[p/2,0] && (IGtQ[m,@] || IntegersQ[2sm,2xn])

2: f(gCos[erFx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whena?-b>#@ A (m|n) ez

Derivation: Algebraic expansion
Rule:If a2 -b%2+@ A (m| n) ez, then

J‘(gCos[erFx])" (a+bsin[e+fx])" (c+dsin[e+fx])"dx — jExpandTr‘ig[(gCos[e+-Fx])p (a+bsin[e+fx])" (c+dsin[e+fx])", x] dx

Program code:

Int[(g_.xcos[e_.+f_.xx_])~p_x(a_+b_.*sin[e_.+f_.»x_])"m_x(c_+d_.*sin[e_.+f_.xx_])~n_,x_Symbol] :=
Int[ExpandTrig[ (g+cos[e+fsx])~px (a+bxsin[e+fxx]) " m« (c+dxsin[e+fxx])~n,x],x] /;
FreeQ[{a,b,c,d,e,f,g,p},x] & NeQ[a*2-b"2,0] && IntegersQ[2xm,2xn]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

X: J(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx whena®-b*+0

Rule: If a2 - b% + 0, then

j(gCos[e+fX])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx — J.(gCos[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx

Program code:

Int[(g_.xcos[e_.+f_.xx_])"p_x(a_+b_.xsin[e_.+f_.»x_])"m_.#(c_.+d_.xsin[e_.+f_.»x_])~n_.,x_Symbol] :=
Unintegrable[ (gxCos [e+fxx])"px (a+bxSin[e+fxx]) mx (c+dxSin[e+Ff+x])~n,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x]| && NeQ[a"2-b"2,0]
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Rules for integrands of the form (g cos(e+f x))"\p (a+b sin(e+f x))~"m (c+d sin(e+f x))™n

Rules for integrands of the form (g Sec[e + fx])P (a+bSin[e+ fx])™ (c +dSin[e + fx])"

1:JXgSu[e+fﬂ)p@+bshﬂe+fﬂ)m@+dsﬂﬂe+fx”"dxwmmpez

Derivation: Piecewise constant extraction
Basis: Ox ((gCos[e+fx])P (gSec[e+fx])P) ==
Rule: If p ¢ Z, then

J.(gSec[e+fx])p (a+bsin[e+fx])" (c+dsin[e+fx])"dx —

gZIntPar‘t[p] (gcos[e+fx])FracPart[p] (gsec[e+fx])FracPart[p] j(a+bSin[e+fX])m (c+dSin[e+-Fx])" dx

(gCos[e+fx])P

Program code:

Int[(g_.#sec[e_.+f_.xx_])~p_*(a_.+b_.#sin[e_.+Ff_.xx_]) m_.x(c_.+d_.xsin[e_.+f_.«x_])"n_.,x_Symbol] :
g~ (2»IntPart[p]) = (gxCos [e+fxx])"FracPart[p] » (gxSec[e+fxx] ) ~FracPart[p]«
Int[ (a+bxSin[e+fxx]) mx (c+dxSin[e+Ffxx]) "n/(g*Cos [e+fxx])~p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x] & Not[IntegerQ[p]]

Int[(g_.*csc[e_.+f_.xx_])~p_*(a_.+b_.#cos[e_.+F_.xx_]) m_.x(c_.+d_.xcos[e_.+f_.«x_])"n_.,x_Symbol] :
g™ (2xIntPart[p]) = (g*Sin[e+fxx]) FracPart[p] (g*Csc[e+fxx] ) FracPart[p]«
Int [ (a+bxCos[e+fxx]) mx (c+dxCos [e+fxx])~n/(g+Sin[e+Ff+x])"p,x] /;
FreeQ[{a,b,c,d,e,f,g,m,n,p},x] & Not[IntegerQ[p]]



